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Abstract

We consider a financial market with liquidity cost as in Cetin, Jarrow and Protter
[3] where the supply function S¢(s,v) depends on a parameter € > 0 with S%(s,v) = s
corresponding to the perfect liquid situation. Using the PDE characterization of Cetin,
Soner and Touzi [6] of the super-hedging cost of an option written on such a stock, we
provide a Taylor expansion of the super-hedging cost in powers of €. In particular, we
explicitly compute the first term in the expansion for a European Call option and give
bounds for the order of the expansion for a European Digital Option.
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1 Introduction

The classical option pricing equation of Black & Scholes is derived under several simplifying
assumptions. The “infinite” liquidity of the underlying stock process is one of them. In
an attempt to understand the impact of liquidity, Cetin, Jarrow, Protter and collaborators
[3, 4, 5] postulated the existence of a supply curve S(¢, s, v) which is the price of a share of
the stock when one wants to buy v shares at time ¢t. In the Black & Scholes setting, this
price function is taken to be independent of v corresponding to infinite amount of supply,
hence infinite liquidity. In a recent paper, Cetin, Soner and Touzi [6] used this model and
studied the liquidity premium in the price of an option written on such a stock with less
than infinite liquidity. They characterized the option price by a nonlinear Black & Scholes
equation, given in (2.3) below. In this pricing equation the liquidity manifests itself by
means of a liquidity function ¢, which is given by

-1
0t s) = [4 gf(t,s,O)] , (t,s) €]0,T] x R4.
The liquidity function ¢ measures the level of liquidity of the market. Namely, the larger ¢
is, the more liquid the market is.

The main result of [6] is the characterization of the liquidity premium as the unique
viscosity solution of a nonlinear Black-Scholes equation (2.3), which is very similar to
the one derived by Barles and Soner [2]. This nonlinear equation can only be solved
numerically as no explicit solutions are available. Motivated by this fact, in this paper we
obtain rigorous asymptotic expansions for the liquidity premium. For vanilla options with
sufficiently regular payoff, this expansion can be calculated explicitly giving further insight
into the liquidity effects.

As stated the chief objective of this paper is to analyze the large liquidity effect. Thus, we
assume that the supply function depends on a small parameter e

Se(t,s,v) :==S(t, s,ev), (t,s) €10,T] x Ry.
Then, the corresponding liquidity function is given by
1
e(t,s) = —L(t,s),(t,s) € [0,T] x Ry
€

Hence, as ¢ tends to zero, the market becomes completely liquid. So we expect the price

BS

of an option V¢ to converge to the classical Black-Scholes price, v7~, and we are interested

in expansions of the form
Ve =uB% feo® 4 4™ 4+ 4o(e?).

Indeed, we prove this type of results and identify the functions v(™ in some cases. In
particular, we show that

T S20%(u, Sy,) 2
(1) _ E u Pu) (, BS ) 1.1
v (t,S) /; t,s |: 4€(u, Su) (Uss (u? SU)) du ( )

This is exactly the liquidity premium of the standard Black-Scholes hedge.



The paper is organized as follows. The problem is introduced in the next section and the
approach is formally introduced in Section 3. Under a strong smoothness assumption, full
expansion is obtained in Section 4. A quick convergence result is proved in Section 5. The
Call option is studied in Section 6 and the Digital option in the final section.

2 The general setting

Let (92, F,P) be a complete probability space endowed with a Brownian motion W with
completed canonical filtration F = {F;,¢ € [0,T]}, where T' > 0 is fixed maturity. The
marginal price process S; is defined by the stochastic differential equation

ds,
7t = O'(t, St)th,

St

where ¢ is assumed to be bounded, Lipschitz-continuous and uniformly elliptic.

Given a continuous portfolio strategy Y with finite quadratic variation process (Y'), the

small time liquidation value of the portfolio is given by
dZeY = Y,dS, — [46(t, 8)] 7L d(Y), = YidS, — e [4L(t, S)] 1 d(Y ).

The dependence of the process Z on its initial condition is suppressed for simplicity.
Given a function g : R4 — R satisfying

g is bounded from below and sup 9(s) < 00, (2.1)
s>0 1+s
the super-hedging cost is defined by
VE(t,s) = inf {z . z2Y =z and ZQEJY > g (St) P-as for some Y € At,s} , (2.2)

where the time origin is removed to ¢t and the initial condition for the price process is Sy = s.
We refer to [6] for the precise definition of the set of admissible strategies A ;.

This problem is similar to the super-replication problem studied extensively in [7, 8, 9,
17, 18, 19, 20]. In the above setting, it is shown in Cetin, Soner and Touzi [6] that the
value function of the super-hedging problem is the unique viscosity solution of the following
nonlinear equation,

~VE+ H(t,5,VS) = 0, on [0,T) x (0,00), (2.3)
satisfying the terminal condition V¢(7),.) = g and the growth condition
—C < VE(t,s) < C(1+s), (t,s) €[0,T] x Ry, for some constant C > 0. (2.4)

Here, H¢ denotes the elliptic majorant of the first guess operator H¢:

He(t,s,7v) :==sup H(t,s,v+ (),
B>0

1
He(t,s,v) = —58202(75, )y — e[dl(t, s)] " s2a%(t, s)72.



By direct calculation, it follows that

P _%8202@7 9l <7+ 6(25)) n 28(; 5 <7+ <V+ f(te, s)>>2

For £ = 0, both H € HF coincides with the following standard elliptic operator,

. 1
HO(L&V) = Ho(tasa’)/) = 758202('@ S)’Y? (t,S,’)/) € [OaT] X RJr x R.
Hence, the equation (2.3) reduces to the linear Black-Scholes equation

owBS 1
T 53202(&3)1)595 =0. (2.5)

We recall the well-known fact that its unique solution, 2%, is the Black-Scholes price,
vB5(t,s) = Bis[9(ST)],  (t,8) €[0,T] x Ry,

where we used the notation E; s = E[ - | S = s].

3 Formal calculations and Assumptions

It is formally clear that as the market becomes more liquid, V¢ should converge to the
Black-Scholes price ¥2%. Indeed, this is proved in Section 5. We are also interested in a
Taylor expansion of V¢ in the parameter ¢, i.e.,

VE(t,s) = vP5(t, s) + oM (t, ) + e@v?(t, 5) + ... + "™ (¢, 5) + o(e"), (3.1)

where o(¢") is the standard notation, indicating that o(e™)/e™ converges to zero as ¢ tends
to zero.
Indeed, under sufficient regularity

€
o™ (t,5) = LA A UL)| B
’ n! g™ |
Thus, formally differentiate the equation (2.3) n-times with respect to € and then set € to
zero. Using the above formal definition of v(™, we arrive at,

0 = —o™— %s2az(t,s)vgg’) — Fo(t, s), (3.2)
s20%(t, s) —
F _ ) (k) (n—1—k) .
n(t7 3) 4€(t, S) P {’Uss <t7 S) Uss (t, S)] ’ (3 3)

where we set v(9) := 55 For all n > 1, the terminal data is v (T,-) = 0, so that the
Feymann-Kac formula yields

n—1 T /2,2
o005 = 3 B | [ (B0 (s (3.4
k=0 ¢



In particular, v") is given as in (1.1).

The above calculations yield a rigorous proof when the pay-off is sufficiently regular. We
will prove this in Section 4. On the other hand, for some discontinuous pay-offs the above
functions may not be finite. For instance, for a digital option, v) = co. Indeed, if we take

g(s) :==1s>k, o(t,s)=o and Lt,s) =4,

we compute that

o gt
vV(T, 8) = -
9) 8W€02/t (T —u)2 (T +u—2t)2

T—2u+t

¢ (b 5 )’ s 2
1 e \ovTtu—2t “K’'T2Ttu—2t ( IH(F) O'T—2u—|—t>

+ + =
8rlo? J, «/T—u(T—i—u—Qt)% ovVT +u—2t 2T +u—2t

The first term above is actually +co because of the non-integrability of (' — u)~3/2

T.

near

In such cases, the expansion is not valid and a careful study of the behavior of V¢ near the
terminal data is needed. This will be done in Section 7. However, we first prove the full
expansion in the ”smooth” case. Then, in Section 6, we consider the Call option proving
the expansion up to n = 2. Clearly, this later result extends to all Put options. Also,
remarks on other payoffs and higher expansions are given in Remarks 6.2 and 6.1.

4 Expansion for smooth pay-offs

In this section, we prove the expansion under the assumption that there is a constant C' so
that

—C<oW(t,s)<C1+s), |(s4+DoM(ts)|<C, (4.1)
|, (t,s)| < C, Y (t,s) €[0,T] xRy, n=1,2,....

Clearly, this is an implicit assumption on the pay-off g. Essentially, it holds for all smooth
pay-offs growing at most linearly. In particular, (4.1) holds if o(t,s) = o, £(t,s) = £ and if
there exists a constant C' so that

mn

—C <yg(s) <C(1+s), (sz—l—l)gsng(s) <C, VseRy, n=2,3,....

This is proved by using the homogenity of the Black-Scholes equation and differentiating
it repeatedly.
Following the techniques developed in the papers [13, 11, 14, 15, 16], for an integer n > 0

we define,
€(t _ n—1 L (k) t
Ven(r, s) = L (t,8) = g 0t 5) (4.2)
gn

where as before we set v(©) = B,



Theorem 4.1 Assume (4.1). Then, for every n = 1,2,..., there are constants Cy, and
go > 0 so that for every e € (0,g9], and n=1,2,...,

i
L

P (t,s) < Ve, s) < v (t,s) =Y [eFu (¢, 8)] + e"Ch(T —t). (4.3)
0

il

BS

In particular, as e | 0, V€ converges to the Black-Scholes price v2° uniformly on compact

sets. Moreover, for everyn > 1, V&™ converges to v, again uniformly on compact sets.

Proof. Clearly, v2% < Ve, We continue by proving the upper bound. Let v®" be as in
(4.3) with a constant C,, to be determined below. Using (3.2), we calculate that

v (ts) + HE(t s, 05t s) = —up " (ts) + HE(t, 5,05 (¢, 9))
g,n 1 2 2 &en €s 2 2 £,m\2
= U = 58 0 Vg — 4£(t, S) (Usjs )
n_l es?0?
= 5nCn + Z [Ek Fk(t’ S)] - 4£(t 8) (v?sn)z
k=1 ’

In view of (3.3),

1
(vs,n)Z o [Ek F (t —"F (¢ n+1 820-2 (¢
k 75)]_8 n(78)+5 )g(as)a

)
[}
3

I

i
I

where ¢°(t, s) is a quadratic function vé’? (t,s) for k < n and possibly powers of . Hence

by (4.1), there is a constant C,,

Hence, we conclude that v=™ is a supersolution of (2.3). Moreover, by (4.1), —C <

v¥"(t,s) < C(1+s). Then, by the comparison theorem for (2.3) (Theorem 6.1 of [6]),
we conclude that VE(t,s) < v®"(t,s).

In particular, this estimate implies the convergence of V¢ to v?°. To prove the convergence
of Vo™ we first observe that

Ve = Z [Ekv(") (t,s)] +e"Ver.
k=0

Using the equations (2.3) and (3.2), we conclude that V=" is a viscosity solution of
1
Ve — 55202(75, VS + Fo" (t,s,VE") =0,  (t,s) €[0,T) x Ry,

where

1
PN (t,5,7) = — HE(t, 5,050 (t, 8) + ™) + 320205” + Z e*FR(t, s)



Tedious but a straightforward calculation shows that

lim Fer s 4" = F"(t,s),

where F), is as in (3.3). Then, by the classical stability results of viscosity solutions [1, 10,
12], the Barles-Perthame semi-relaxed limits

o™ (t,s):= liminf VO, ') and (¢, 8) :=  limsup VI, ),
(t’,s’,s)—>(t,s,0) (t/,s/,E)H(t,S,O)

are, respectively, a viscosity supersolution and a subsolution of the equation (3.2) satisfied
by v(™). Moreover it follows from (4.3) that
0T, ) =T, ) =0 = o"(T, ).

We now use the comparison result for the linear partial differential equation (3.2), and
conclude that y(”) > 5", Since

0™ (t, s) < liminf VET(t, s) < limsup Vo (¢, s) < 5™ (¢, 5)

e—0 e—0

on [0, 7] x Ry, this proves that o™ = 5 = () Hence, V" converges to the unique
solution v, uniformly on compact sets.

5 A general convergence result

In this section, we prove an easy convergence result under the following general assumption.
We assume that
cs® < U(t,s), (5.1)

for some constant and

Assumption 5.1 There is a decreasing sequence of smooth approximation g, > g of the
pay-off g satisfying (4.1) with n = 1,2. Let 1)7(7?), ET be the previously defined functions
with pay-off gm. Then, FL(t,s) < ¢, for some constant cp,.

This assumption is satisfied by all Lipschitz or for all bounded pay-offs.

Theorem 5.1 Assume (2.1), (5.1) and that Assumption 5.1 holds true. Then, as the

liquidity parameter goes to infinity, or equivalently as € | 0, V¢ converges to the Black-

Scholes price vB5.

Proof. Let ¢, be as above and set

us(t, s) := vB(t, s) + econ (T — t).



As in the proof of Theorem 4.1, we can show that u° is a super-solution of (2.3). Hence,
Ve < wf. Therefore,

limsup VE(t,s) < vB9(t, s).
€l0

By (2.1), vB9(t, s) converges to vP(t,s). Since V¢ > vP9 this proves the convergence of
Ve to vB9.

6 First order expansion for convex payoffs

One major limitation of our previous result is that the Call pay-off does not satisfy the
Assumption (4.1). Therefore, in this section, we prove the first term in the Taylor expansion
(3.1), i.e.,

Ve(t,s) =vP3(t, s) + evD(t, s) + ofe), (6.1)

for convex payoffs satisfying weaker assumptions than (4.1). In particular, we will show
that call options verify those assumptions.
6.1 The general result

In order to capitalize on the results we have already obtained for smooth payoffs, we will
also consider a regularized version of our problem

SV HE (15, V") =0, for (t5) € 0,T) x R,
VENT, s) = gals), 02

where Ga(s) = ¢a * g(s) with ¢o(-) := L¢() and ¢ is a positive, symmetric bump function
on R, compactly supported in [—1, 1] and satisfying
1
/ o(u)du = 1.
-1
By convexity of g, for all « > 0 we have g, > g, so that by monotony of our problem

Ve <veo

Thus, since the main idea of our proof is to find a super-solution of (2.3), we see that it is
enough to find a super-solution of (6.2). Let v%%% and v respectively, be the Black-
Scholes price and the first-order expansion term for the regularized option. We now state
our assumptions

Assumption 6.1 (i) vB9 + B9 £ M) LM <« oo,



(ii) As o tends to 0 we have
vBs’a(t, s) = UBS(t, s) + O(oz2),
oMt s) = oM (t,s) +o(1).
(iii) There exists a constant ¢, independent of s, T —t and o and (v,3) € [0,1] x [1/2,1]
such that 1 <28+ v < 2 and

Cx
(T _ t)l—ua2+2l/’

2 2
77 (et 8))? <

i % s |’UBS’a(t, S)‘ < Cx

ss = (T _ t)1—6a2,8—1 :
This assumption will be proved to be verified by Call options payoffs in subsection 6.2.

Let V! be as (4.2), i.e.
€(t _ .,BS t
Vﬁ’l(t,s) ::V(’S) v (75).

€

Theorem 6.1 Let Assumption 6.1 hold true and let a € (1, 26%) Then for every (t,s) €
[0,7] x Ry we have,

v—1

’UBS < Ve < ,UBS,EO‘ + 60(1)76‘1 + C*(T o t)ﬁ+ 3 627a(u+2ﬁ) 4 C*(T o t)l/6372a(1+l/).

Moreover, V¢ — vB5, Vel — oM uniformly on compact sets, and (6.1) holds true.

Proof. It is clear that V& > vBS. To prove the reverse inequality, we start by following a
technique similar to the one used in the proof of Theorem 4.1. Set

V52 = BSe | ep(De Yed(T — t)5+VT*162_a(y+25) + e (T — t)ueg—za(lw)_
We calculate that for (¢,s) € [0,T) x Ry

- vf’Q + ffs(t,s v6’2) > —vf’2 + HS(t,s v€’2)

?Yss

— ¢yt olv20) + eyt 2001Y) _ pBSe (1),e* 1520208,2 _ es’o” ( 52)2
e L A M R TR

_ C*f2ia(y+2ﬁ) n C*ngza(lﬂl) — s’ (’U(l),e“)2€3 _ s%0” UBS’EGU(l)’€a52.
T @ TR

In view of Assumption 6.1(iii), this quantity is always positive. We now analyze the terminal
condition. In view of the conditions imposed on a, and v

US,Q(T’ S) _ ’L)BS’EG (T, S) _ /g\sa (S)
Hence, v*2 is a super-solution of (6.2) and therefore of (2.3). Then, by the comparison

theorem for (2.3) (proved in [6]), we conclude that Ve(t,s) < v52(t, s).

We now let € go to 0 in the above inequalities. This proves that V¢ converges to v5°

uniformly on compact sets.

Finally, by Assumption 6.1(ii)

0< Vet s) <vW(t,5) 40 (gmin{1—a<2ﬁ+”>=2—2a<1+”>}) +0 (271,

9



where it is clear with our conditions on a, 5 and v that the o(-) and O(-) above go to 0 as
¢ tends to 0.

Using this estimate, we then prove the convergence of V! exactly as in Theorem 4.1. O

Remark 6.1 Higher expansions can be proved similarly, provided that we extend Assump-
tion 6.1 for n > 2.

6.2 Expansion for the Call option

In this section, we take
g(s) = (s — K), o(t,s) = o, Lt,s) =4,

and we verify that Assumptions 6.1(ii) and 6.1(iii) are satisfied, since Assumption 6.1(i) is
trivial.

Straightforward but tedious calculations using the Feynman-Kac formula yield

1
Bt s) = u) exp <—2d1(s,K + au, 7')2> du,

W/_11¢(

(1).a _ o(x (t,v,8, K, z,y)
v\t s) 8€7r/ / / 27__@) dxdydv,

T=T—1,

where

di(s,k,t) = Ui/i In(s/k) + %U\/Z,

1 o T—2v

ovar o ek =g =

ha(T,v,8,k, z,y) = exp (—5(7’, v, S, k?)Q + CZ(T’;\/%IZ) (log (1 + %) + log (1 + O;f)))

X exp <_%12v(277'—v) (log (1 + %) — log (1 + ?))2)

cexp (=gt dow (1497 1o (14 52) )

The following two propositions, whose proof is relagated to the appendix, ensure that

o(r,v,8,k) =

Assumptions 6.1(ii) and 6.1(iii) are satisfied

Proposition 6.1 There exists a constant cy, independent of s, T and «a so that for all
(v, 8) € 10,1] x [1/2,1]:

2.2

5 ‘vﬁs’a(t, s)‘ < O 59 (g, 8))2 <

Cx
iy 7_17[80[25717 45 (USS

l=vn2+2v :

10



Proposition 6.2 As a tends to 0 we have the following expansions

o~ 3do(s,K,7)?
2Kov 2T

—%dO(S,K,T)Q

UBS’a(t, s) = UBS(t, s)+ «

/ " b0y + 0(a),
—1

(&

o
SKol\ 2T

where do(s, k,T) = U%E In(s/k) — 2o/T.

1 1
st 5) = oDt 5) / 1 / 6@)o(w)le — ldrdy + of).

Remark 6.2 It is not hard to show that the results of Propositions 6.1 and 6.2 hold for all
convex linear combination of call or put options. However, we cannot use the above proof
for, say, a call spread option whose payoff is neither convex nor concave.

6.3 Numerical Experiments

In order to have a better grasp of the liquidity effects, we also solved numerically (with
simple finite difference methods) the PDE (2.3). We represent below the behaviour of the
liquidity premium (that is to say V= —v?%) when the time to maturity ¢ and the spot price

vary

0.08
00 4o

oo de

Prirme

0.0z

0 -
10

Figure 1: Call liquidity premium - T'=10, K =15, 0 =0.5,¢=0.1, £ =1

In the above figure, the liquidity effect is strongly marked for ATM options and disapears
quickly for ITM and OTM options. This was to be expected. Indeed, our calculations

11



showed that the liquidity effect is, for the first order, driven by the I' of the call option
(see (A.1)), which explodes for ATM options near maturity. Moreover, with our set of
parameters, the first order correction is at most 0.06 for a BS price of 8.56, which means
that the hedge against liquidity risk is not that expensive when the illiquidity is not too
strong.

We now compare the real liquidity premium with its first-order expansion term.

Figure 2: Call first order liquidity premium - T'=10, K =15, 6 = 0.5, e =0.1, { =1

A rapid examination of the above figure shows that the first order approximation remains
excellent as long as we do not go too far from the maturity time 7" and we stay close to the
money s = K. Otherwise, the first order overvalues the liquidity premium.

7 Digital Option

In this section, we analyze the specific example of a Digital option in the context of Black-
Scholes model with constant liquidity parameter

g(s) :==1s>k, and o(t,s) = o, lt,s) =L.

12



7.1 Theoretical bounds

As pointed out earlier, for the Digital option, the first-order term that we obtained formally
is equal to +00. Thus, the expansion (3.1) is no longer valid and our aim in this section is
to find bounds for the first-order of the expansion. We start by approximating the option
by a sequence of regularized call spreads. Then the original problem (2.3) is replaced by

SVE (15, V™) = 0, for (t,5) € 0.T) x Ry,
VEUT, s) = ga(s), ()

where u(5) = ¢a * ga(s) with go(s) = (s—K+20)T —(s—K+a)*t

«

Since ¢, has compact support in [—a, a], notice that g, > g. Then, since the terminal
condition is smooth, it follows from the comparison principle that

VE(t,s) < VO (t,s), for (t,s,a) € [0,T] x Ry x RY. (7.2)

With the same notations as in the previous section, we directly calculate using again the
Feynman-Kac formula that

2
’

-1 _ 2
Uﬁs’a(t78) — d (s, K+au—2a,1)? —e di(s,K+au—a,t) )du

osanN/ 27T /

(1), _ $(2)p(y)ha(T,v,5, K, 2,7)
v\t s) 8677042/ / / oG —v) dzdydv,

where

h(TvsK$y Zthst iy —17).

1<4,5<2
Then, we have the two following propositions which are proved exactly as in the call option
case (since the functions involved here are essentially the same)

Proposition 7.1 There exists a constant c., independent of s, T and « so that for all

(v, B) € [0,1] x [1/2,1]

2 2
BS, Cx s‘o Cx
s v (t, s)| < P T m (W (t,5)* < g TR
Proposition 7.2 As «a tends to 0 we have the following expansions:
3 e 2do(sKT)2
BS,a 2
v (L, s t,s)+ —a— + O(a”),
(t.5) =07 (t.5) + Ja" o+ O(a)
—Ldy (s,K,T)?
U(l)vo‘(t, S) = e 2 / / o()d(y)(|z—y—1|+|z—y+1|—2|z— y|)d;tdy+0( )
SKol\2nT

13



Define V1€ by

€(¢ _ .,.BS t
Ve,l,C(t, 8) = V ( aS) v ( ,S)‘

EC

Theorem 7.1 Let (B,v) € [1/2,1] x [0,1] be such that v := ggiz;ll € (0,1) and set
a:=2(1—7). Then for all (t,s) € [0,T] x Ry,

0P8 < vE < B LW e (T - t)5+%462—3@—a(V+2/3) +eu(T — t)Ve3—2aB+),

S

In particular, VE converges to vP°, uniformly on compact sets and

3 6_%d0(87K7T)2

5
0< liminf Vbt s a) <  limsup VLA, ) +e(T—t) 2(117>,

< -
T (¥,8,6)—(t,5,0) #,s' €)= (t,s,0) — 2 Ko\orr
i.e. the order of the expansion is at least 2/5.

Proof. It is clear that V > vBS. To prove the reverse inequality, we start by following a
technique similar to the one used in the proof of Theorem 6.1. Set

v—1

,06,2 — UBS,g“ + E’U(l)’ea te (T - t)ﬂ-l,- = E2—3a—a,(1/—&—2ﬁ) + e, (T . t)V63_2a(3+V).

We proceed exactly as in Theorem 6.1 using Proposition 7.1. The result is

—op (b, 8) + H (1, 5,032(t,5)) 2 0, for (t,s) € [0,T) x Ry.

’vss

We now analyze the terminal condition. Since 23 + v > 1, we have

v=2(T, 5) = vP5 (T s).

Hence, v5? is a super-solution of (6.2) and therefore of (2.3). Then, by the comparison

theorem for (2.3) (proved in [6]), we conclude that Ve(t,s) < v=2(t, s).

Then by Proposition 7.2 and the conditions imposed on a, 3 and v, we obtain easily the
uniform convergence on compact sets of V¢ to v2° by letting  go to 0.

Now for the first order term, we would like to use our expansions and obtain a finite
majorant for V1€ with the largest possible ¢. It is easy to argue that ¢ = a is the best
choice possible. This, in turn, imposes the following condition

P 3 P
< mi — = .
a_mm{2’4+26+u’7+2y} 4126 +v

Now it follows that, for all v > 0 small enough, there are 8 and v satisfying our conditions

so that ﬁ = %(1 — 7). It suffices then to take the liminf and lim sup in the inequality
to prove the result. O
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7.2 Numerical results

The digital option liquidity premium In this section, we provide numerical results
for the case of the Digital option. As in the section 6.3 the PDE (2.3) is solved with finite
difference method. We represent below the behaviour of the liquidity premium when the
time to maturity ¢ and the spot price vary

Prime
ey
% ST
pive

o
o

i
5

Figure 3: Digital liquidity premium - T'=10, K =25, 0 = 0.5, e =0.1, £ =1

Qualitatively, the liquidity premium behaves as in the Call case. However, as expected the
effects of illiquidity are even stronger for ATM options near maturity, since the I' of a digital
option explodes faster. Moreover, with our set of parameters, the first order correction to
the price is at most 0.04 for a BS price of 0.21, which means that the hedge against liquidity
risk is much more expensive in the case of a digital option, for a same level of liquidity in
the market.

Numerical confirmation of the expansion order We represent below the liquidity
premium for a fixed value of the spot when the parameter € varies with a logarithmic scale.
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Figure 4: log(VE—vBS) -T=1,K=25s=15,0=05,e=0.1,¢4=1

BS). The slope

For small values of € we observe the expected linear behaviour of log (V€ -
of the above curve is roughly equal to 1/2 (the exact value here is 0.54), which is close to
our minimal value of 2/5. The numerical results suggest that the true expansion order lies

in the interval [2/5,1/2].

It is also important to realize the financial implications of our results. We just have high-
lighted the fact that the first order effect exhibits a phase transition for discontinuous
payoff, in the sense that derivative securities of the type of digital options induce a cost of
illiquidity which vanishes at a significantly slower rate than the continuous payoff case. This
means that derivative with discontinuous payoff are more rapidly affected by the illiquidity
cost.

Acknowledgements The authors whish to thank Reda Chhaibi for letting them use his
Matlab code for the numerical resolution of the PDE (2.3).
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A Technical Proofs

Proof. [Proof of Proposition 6.1] We start by proving the inequality for vBSe,

inated convergence, it is clear that svgs’

By dom-
goes to 0 when s approaches 0 or +0o. Hence
for a # 0, it also converges to 0 when 7 tends to 0. Thus svfgs’a is less than a constant C,,
independent of s and 7. However, when « tends to zero, we obtain the classical expression
of the I" of a call option

_ldl (S’K7T)2
e 2
v (t,8) = ————, (A.1)

27T
which is known to explode only when s = K and 7 — 0. Therefore, to understand the
dependence in a of C,, we only have to study the behaviour of svgs’a when s = K and
when both o« and 7 go to 0.

Let us therefore take a = € and 7 = €® with a and b strictly positive numbers. For all
B € [1/2,1] we have

2

o b2—a(1-28) 1 _;<L”/2_ 2 o (14 < )

Tl—ﬁa2ﬁ—1svgs,e _ € - gb(u)e 2 2 ( K> du
m 1

Therefore, if a < b/2 (i.e. if 7 goes to 0 faster than «) the quantity above always goes to 0
when € — 0 due to the exponential term. If a > b/2, the exponential term goes to 1, but
since 3 € [1/2,1] the above expression has always a finite limit. Hence the inequality for

BS,a
SUss .

A change of variable and direct calculations imply that, for all v € [0, 1], we have

1+1/ —i
v 14y () / / (Y ha(T, 70,5, K, 2,7) A9
T2 a Vsvg Y (t,s) = s e o2 — )2 dxdydv, (A.2)

where

2
Toa K, log (1 + 2) 4+ log (1 4 2¥
(1,v,5, my):2+ 20(r, 0,8, K) — og(1+%) +log(1+%)
h,a(’T,’U,S,K,CL',y) v

ar oy
+ (25(7,7v,5,K)—10g(1+ i) +log (1+ K))a 7(2 —v).
v

Using the same arguments as in the proof of the previous inequality, we can show again
that the only problem corresponds to the case where s = K and a and 7 go to 0. Using
the same notations, we have
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25b(1 — 20)2 (1—2v) <log (1 + 5%) + log <1 + 5%))
I 22— 0)

—b a a
€ ez ety
———1 1+— |1 1+ ==
o (g o (15 s (1))
= (log (1+ 92) —log (1+ %))
o [ om (1 5) ~lon (1 )
202v(2 — )

a a 2
hea(eb, v, 5,8, 2,) aeg(l — 2v) _blog (1+ %) +log (1 + Efy)
- —o4 [ e

€a(€b7v7 S, 3,377y)

oe3 (1 — 20) +€_blog (1+ &) + log (1 + %) o
V2—w oV2—w '

Therefore, if a < b/2, ﬁga always goes to 0. Otherwise, the integral has a finite limite but
since v € [0,1] and a > b/2, the expression in (A.2) has a finite limit. This proves the
second inequality. O

Proof. [Proof of Proposition 6.2] The first result is straightforward and only uses the
fact that the function ¢ is symmetric, which allows us to get rid off the odd terms in the
expansion. For the second one, we directly calculate that

202
52_4K2a<2v(1y—)%) +o(a?)

T 1 1 -
(1), _ €
v /0 /_1 /_1¢($)¢<y) Set o oy

_g2o—o2eow? 2y
e ¢ " I s dzdyd
+a/0 /1 /1 ¢($)¢(y) SWEKJ\E(ZT—U) (l’-i-y) rayav
52 az(a:—y)2 2

Tl G- g ) 2 2,
2 e 27 (2(x+y) 82 +ov21—v(z%+y )5*2933;)
rdydv
T /0 /1 /1 o2)9y) 167l K202\/v(2T — v)3/2 dedy

52 o2 (@—y)? 2
) T 1 1 e 4K202v(1—21’7)+0(a )
40|« T dxdydv |,
/0 /1 /1 Pe)olv) 8ml\/v(2T — v) Y

where we suppressed the arguments of the functions v(")® and § for notational simplicity.

Note that all the above integrals are well-defined and finite. Then using dominated conver-
gence and the fact that ¢ is symmetric, it is easy to show that
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T 1 1 676274}(20(21}(1347)2%')4»0(&2)
¢ = x dxdydv
/ / / o) 8mlv(2T — v) Y
e 5
—|—a/ / / Pz 87r€Kaf(27- — )(x—i-y)d:vdydv

52

2 e (2(””*3/)252+0m(12+y2)672my) )
dxdyd

e /o /1/ (@)oy) 167K 20%\/v(2T — v)3/? wdydv + o (o)

_ 2 (I y) +0(a2)

UNRE =

dzxdydv + o).

Now the first term in the expansion above goes clearly to v!) as a tends to 0. Then we
have

TU ? K (x)¢(y) _4K32(2x7y)2 +O(O‘2)
e o?v(1-5%) — 1| dxdydv + o().
/ / / 8ml\/v(2T — V) Y (@)

Using the change of variable u = ; )f;\%, the first term above can be rewritten as
2
2z tol@?)
O e P RS D
xdydu.
87T€KO’ / \T yl / / 90 _ a?(z—y)? u? Y

4K?202u?

A simple application of the dominated convergence and Fubini theorems shows that the
above integral (without the « factor) has a finite limit as o approaches 0 and is given by

—7d0 SKT +oo €7u2 1
T — y|dzd —du.
SmlK o\ 2T / / H(@)$W)l vl y/ u?

Since the last integral is equal to /7, we obtain the second expansion. O
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