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1 Introduction

In a complete financial market, the absence of arbitrage opportunities leads to the def-
inition of the unique fair price of any contingent claim. As detailed e.g. in [1I], this
uniqueness property disappears under the addition of convex constraints on the admis-
sible portfolio strategies. This implies the existence of a closed interval of arbitrage-free
prices. A commonly considered prudential pricing methodology consists in selecting the
upper bound of this interval. This so-called super-replication price coincides with the
minimal initial amount of money required to constitute an admissible portfolio strategy
satisfying the constraints and whose terminal value dominates the claim of interest. The
super-replication price under convex delta constraints has been thoroughly studied in the
literature. In [5], the authors obtain a dual representation of the super-replication price in
terms of a well chosen set of risk neutral probabilities. In [6], closely related to the previous
work, the super-replication price process is shown to be the unique solution of a Backward
Stochastic Differential Equation (BSDE) with constraints on the gain process Z. All these
works mainly rely on probabilistic and duality arguments. In a Markovian setting, the
super-replication is characterised using direct dynamic programming arguments and PDE

technics, see [17, [].

In [3], the authors observe that, for the classical Black Scholes model, the super-replication
price of a claim under convex delta constraints coincides with the unconstrained replication
price of a so-called facelift transform of this claim. They consider constraints in terms of
number of shares in dimension 1, wealth proportion or money amount in any dimension,
and exhibit the three corresponding facelifting procedures. In more general Markovian
models, the super-replication price function under convex portfolio constraints of a non
path-dependent claim interprets as the smallest function above the unconstrained price of
the claim, which is stable under the corresponding facelift transform, see e.g. [I]. The goal
of this paper is to state a necessary and sufficient condition under which the noteworthy

result of [3] extends to general local volatility models in dimension d.

To exhibit this condition presented in Theorem [3.1] below, we rely on a BSDE represen-
tation of the replicating strategy. We show in Proposition [£.1] that the replicating strategy
is the unique solution of a multidimensional linear BSDE with terminal value VAi(X7),
where h is a smooth payoff function and X denotes the assets price process.

If h satisfies the portfolio constraint, i.e. Vh is valued in some convex set K, the condi-
tion given in Theorem ensures that the solution of a multi-dimensional linear BSDE
with terminal value Vh(X7) is valued in a convex set K. Namely, the super-replication
price of the claim with payoff h(X7) under convex delta constraints coincides with its
unconstrained replication price. It is crucial to observe that we cannot rely on classical
viability results for BSDEs [4] since the class of possible terminal value for the BSDE is
restricted here to gradient type terminal conditions of the form VA(Xp). The condition



obtained in [4] is thus only a sufficient condition for our problem. Contrary to this paper,
we take advantage here of the linear structure of the problem. It appears that the study
of the viability condition for the convex set K boils down to the study of the viability
condition for the tangent half-spaces to K. This makes the proof - in some sense - simpler.
Our approach allows us also to remark that, under the exhibited condition of interest, the
super-replication price of an American option with exercise payoff A(X) under convex delta
constraints also coincides with its unconstrained replication price.

In practice, the payoff function A does not satisfy that VA is valued in K nor any smooth-
ness property. Nevertheless, our main result still holds using the facelift transform of h.

The proofs in the general case are based on regularization technics.

We also discuss in this paper various practical cases which are of interest in Finance,
see Section 3. We first observe that the result of [3] in the Black Scholes model does not
extend to the consideration of a financial market with d > 1 assets. The hypercubes are
the only convex set of constraints for which facelifting the payoff allows to get rid of the
portfolio constraints in a multidimensional Black Scholes model. This property extends
also to most of the common local volatility models, in which each asset follows its own
dynamics. In particular, hypercubes include the consideration of non-tradable assets or no
short sell restrictions. More specifically, we observe that the only model dynamics in which
no short sell restrictions on Asset 1 can be relaxed using a facelifting procedure are the one
for which the quadratic covariations between the other assets do not depend on Asset 1.
We also exhibit model dynamics conditions related to other type of portfolio constraints:
illiquid assets, bound on the total number of allowed positions on the financial market etc.
We finally observe that no reasonable model dynamics with positive asset value, allows
to satisfy in dimension d > 1 the exact replication property for any closed convex set of

constraints.

The rest of this paper is organized as follows. In Section [2, we specify the problem
formulation and exhibit the main properties of the super-replication methodology and
related facelift operator. In Section [3| we produce the main result of the paper which
gives a tractable analytical necessary and sufficient condition, ensuring that the exact
replication property holds for a large class of payoff functions. We describe practical
examples of interest and provide a simple probability-change argument in dimension d = 1.
Focusing on regular payoff functions h stable under the facelifting procedure, Section {| is
dedicated to the proof of the necessary and sufficient condition for the so-called first order
viability property. Namely, the first order viability property ensures that the gradient of
the solution of a linear PDE lies in a convex set K on [0,7] as soon as it does at time 7.
This section revisits arguments of [4] in our framework. Section [5| provides the proof of the
main theorem and details in particular the corresponding regularization procedure. The

Appendix collects useful properties of the facelift transform and some technical proofs.



Notations. Any element = € R? will be identified to a column vector with i-th component
z' and Euclidian norm |z, (ei)1<i<a is the canonical basis of R%. We denote by My the set
of matrices with d lines and d columns, and S; the subset of symetric elements of My. For
a matrix A € My, Tr[A] denotes its trace, A7 its j-th column, A% its i-th row, and AY the
i-th term of AJ. The transpose of a matrix or a vector y will be denoted y ", (z,y) denotes
the product z "y whenever it is defined for z and y vectors or matrices. For a function h
from R? to R, we denote by d,h and 92, h the d-dimensional row vector and the matrix in
My defined by

Oh(x) Oh(x) )

Buh(z) = (aml . zeRY.

1<i,j<d

Ozh(x)}

2 —
and 0i.h(x) = [amiaxj

0xg

We shall also note 9;h(z) = agif) , for 1 < i < d and Vh(z) = [0:h(z)]", = € RY

CL(RY,R?) denotes the set of function from R? to R? which are differentiable with contin-

uous and bounded first derivatives. Finally, we denote by A the Lebesgue-measure and for

a given closed convex set, di is the (non-negative) distance function to this set.

2 Super-replication and facelift properties

In this section, we introduce the market model and formulate the super-replication problem
under Delta constraints, namely when the number of shares constituting the portfolio must

remain in a closed convex set.

2.1 The market model

We consider a financial market defined on a probability space (2, F,P), endowed with a
d-dimensional brownian motion W. For 0 < ¢ < T, we denote by F' = (F!),. ., the
completion of the filtration generated by (W, — W;)s>:. We denote by P! the o-field
of progressively measurable processes associated to F!. In the sequel, we interpret the

probability P as a pricing measure.

We suppose that the financial market is composed of d risky assets and one non-risky
asset, whose interest rate is assumed to be 0 for ease of presentation. Up to considering
discounted processes, all the results of the paper extend straightaway to financial market

with deterministic interest rates.

For an initial condition (t,z) € [0,7] x R%, where x represents the vector value of the
d assets at time ¢, the vector of risky asset price process is described by the diffusion

(X" scft,r) defined as the unique solution of the stochastic differential equation
S
xtr = o [Topcman., el @)
t
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where o : R — M, is the volatility function. The Dynkin second order linear differential
operator associated to the dynamics (2.1)), denoted by L, is given by

Loglta) = Aol ) + L Tx(plt,m)o()e (@), (12) € [0.T] < RY
for any o € C12([0,7] x R?).

Throughout this paper, we work under the condition that the function o is C’bl (R4, M)
and shall sometimes use the following assumption:

- (Ho) The matrix o(x) is uniformly elliptic for all x € R? i.e.

oo > ey, for some € > 0.

Starting with an initial wealth y > 0 at time ¢ € [0, T, an investment strategy is described
by a Pl-measurable process A = (Al,... AT valued in RY where Al represents the
number of shares of asset ¢ detained at time s € [t,T]. We denote by A; , the set of self

financing strategies A such that
T
/ lo(XEVAPdr < oo, P—as.
t

The portfolio process corresponding to an initial wealth y at time ¢ € [0,7] and a self-

financing strategy A € A;, is denoted (Yst’x’y’A)Se[t 7] and satisfies

S
Ystvwvy:A =y +/ ATTdXﬁ’x , t<s<T.
t

The set .Aff’vx of admissible strategies is given by the strategies A in .Aff’vx such that the

portfolio value Y*#¥4 is bounded from below by a constant.

2.2 Super-replication under constraints

Due to regulatory or structural reasons, we suppose that the possible investment strategies
are restricted to take their values in a deterministic closed convex subset K of R s.t.
0e K.

For any (t,z) € [0,T] x R, the subset of admissible constrained strategies Af, is then
defined by

Afx = {AEAIt)J t dg(A)=0,P®A—ae.}.

Observe that the constraint is not imposed on the portfolio value but on the investment
strategy itself. The addition of constraints on the investment strategy implies that exact
replication of a given contingent claim is not always possible, see e.g. [I1]. Here, we intend

to focus on super-replication strategies.



Definition 2.1 (Super-replication valuation) For a measurable function h: R? — R
bounded from below, we define the super-replication price of the contingent claim h(Xélw)

under K constraint at time t by
T
v (t,x) = inf {y eR : JdA € A{fx , y+/ AldXET > h(XET) P - a.s.} ,
t
for any (t,x) € [0,T] x R%.

The super-replication price of contingent claims has been widely studied in the literature
see e.g. |5 17, [I]. In our context, a complete characterization of the super-replication
price under constraint is given in [2] and we will use a supersolution property of v?( proved

therein.
Let us recall that the support function dx of the convex set K defined by

5K(x) = Sél]}z@’y) ) HAS Rd )
Y

whose domain is denoted K := {¢ € R? | §x(¢) < 400}

Using the support function of K, we define the following global differential operator related

to the constraints:

Cx(p):= inf () —Cp.
[C|=1,(eK

Let us also introduce

Definition 2.2 (Facelift) The facelift operator Fi for the admissibility set K maps any
measurable function h: RT — R, to its facelift transform Fg[h], defined by

Frlh|(z) = sup h(z+y)—0ox(y) =suph(z+y) —ox(y), reR?.
yeRY yeK

We collect in the Appendix, Section some useful properties of the Facelift transform.

In the sequel, we shall use the following assumption related to the payoff function h and

its facelift transform:

(Hh) The function h is lower semi-continuous, bounded from below and such that

E |FK[h](X;x)\2] <o, (tz)e[0,T] xR

Let us now recall the following result proved in [2].



Proposition 2.1 The super-replication price under K-constraint v}‘((t,x) 1S a viscosity

supersolution of the following PDE
min{ —Lou(t,z), Cx (Vu(t,z))} = 0, (t,z)€][0,T)x R?
and satisfies
vi(T—,z) > Fglhl(z), zeR?,

provided that h is l.s.c, with linear growth and bounded from below.

We conclude this section with a straightforward consequence of the previous result.

Corollary 2.1 Assume that h is l.s.c, with linear growth and bounded from below, then

o (tr) > E{FK[h](X;x)}, (t,z) € [0,T) x R?.

For sake of completeness, we provide a proof in the Appendix, see Section [6.2}

3 Relaxing portfolio constraints via terminal facelift

In this section, we investigate under which conditions, super-hedging any claim under
Delta constraints is equivalent to simply hedge the facelift transform of this claim. We
first consider the particular case where the number of shares for each asset is constrained
to stay in-between two constant bounds. In this context, we show that the ‘replication
property’ is always satisfied in the one-dimensional case but not systematically in the multi-
dimensional one. This motivates the second part of this section which presents in Theorem
[3:1] a tractable analytical necessary and sufficient condition ensuring this property to hold
for general multi-dimensional convex constraints. We finally focus on several practical
examples of importance (Black Scholes model, short selling, non-tradable asset, etc.) in
order to emphasize the range of applications for Theorem [3.I] which is the main result of

the paper.

3.1 A motivating example

We consider first a simple practical example where the investor faces constant restrictions
on the number of shares of each asset held in the portfolio. More precisely, the admissibility

set is a closed hypercube given by

K, = T, [—diui, where (d;,u;) € [0,00]%, for 1 <i<d.



Observe that this form of convex set allows to consider for example the realistic practical
case where short-selling one or several assets is not allowed. It also covers the natural case

where some of the assets cannot be traded on the financial market (d; = u; = 0).

We first focus on the particular case where only one asset is traded (d = 1). As detailed
in the next proposition, a direct probability change argument shows that super-replicating
a claim under K.-portfolio constraints simply consists in replicating without constraint the
facelift transform of this claim. For sake of simplicity, we consider here payoff functions with
regular facelift transform, but this strong regularity property is relieved in the following
subsection, see Theorem

Proposition 3.1 Let d =1 and h be a payoff function such that Fi [h] € C}(R,R). Then,
for any starting point (t,z) € [0,T] x R, the super-replicating price and hedging strategy
under K.-constraints of the claim h(X;x) coincides with the exact replicating price and
unconstrained hedging strategy of Fi,[h] (X;m)

Proof. Let (t,x) € [0, T] xR and consider a payoff function h such that FX<[h] € C1(R,R).
By construction of the facelift transform, VFg_[h] is necessarily valued in K.. We now
consider the exact replicating strategy AFxel’] of Fy [h] (Xélx) and intend to prove that
AFxeM is valued in K, on [t,T]. Due to the regularity of Fi.[h], observe that the exact

replicating strategy rewrites

VX;’I )

Al — g 1
VXL

V Fi, [h](X57)

where VX% denotes the tangent process of X* and satisfies
S
vxier = 1 +/ Vo(XE)VXEEdW, t<s<T.
t

Since ¢ has bounded derivatives, we deduce that (VXz’x)tgng is a positive martingale
with constant expectation equal to 1. Therefore, it also interprets as a probability change
IP:VX

on (9, FL) and we denote by PV¥ the probability defined by dW] o= VX%F’:E. This

allows us to rewrite directly
Al = BPYY [G Fp [h](X5T) | fg} . t<s<T.
Since V F,[h] is valued in the convex set K., A%l is also valued in K.

The hedging strategy of Fk_[h] (X;z) being valued in K., it coincides with the super-
hedging strategy under K.-constraints of h(Xélz), see Corollary Hence, the super-

t.x

replicating price of h(Xélz) and the replicating price of Fi,[h](X;") also coincide. O

Remark 3.1 Observe that interpreting the gradient of the stock process as a probability
change has already been used for example in [9]. We choose to elicit the case of hypercube

constraints in order to emphasize the simplicity of the proof methodology in this framework.



We now turn to the more intricate multi-dimensional case. As detailed in the next
proposition, the previous result easily extends to the particular case where each asset has
its own dynamics, since the previous arguments can be applied on each component of the

price process X.

Proposition 3.2 Let h be a payoff function such that FX<[h] € CL(RY,R). Fiz (t,z) €
[0,T] x R? and suppose that the dynamics of each asset X% is given by

S
D A= x’—i—/ oi(X;)dW, | 1<i<d, t<s<T.
t

Then, the super-replicating price and hedging strategy under K.-constraints of the claim
h(X;:x) coincides with the replicating price and hedging strategy of Fr, [h](X;fC)
Proof. Following the same reasoning as in the one-dimensional case, we only require to
verify that the exact replicating strategy AFxel of Fy [h] (erpw) is valued in K.. As in
the one dimensional case, we have
Fic 1] VX
As ¢ - ]E VXt’x’Z.
S

(VFKC[h}(X%mD ‘f; . t<s<T, 1<i<d,

where VX%®? is the tangent process of X*»®* Due to the particular form of the stock
dynamics, each tangent process VX%®? is a positive martingale starting from 1. Observe
that, contrary to the one-dimensional proof, we cannot use a common probability change for

("] Nevertheless, due to the special form

all the d components of the hedging strategy Afxe
of K. and the fact that VFg, [h|(Xt,zp) € K., we work separately on each component.

We compute

~d; = E

Us

t,x,1 i
AL . | fﬁ] < (Al < E
VXL

VX
t,x,t ‘ F. = Ui,
VXs
fort <s < T and 1 < i < d. Hence, the replicating strategy AFxc"] is valued in K, and

the proof is complete. |

Unfortunately, this nice property does not remain valid for general multi-dimensional
stock dynamics. Consider for example the 2-dimensional case where the dynamics of the

first asset X! is given by
dX; = (I X}?|AG) XldW,, with & > 0 ,

and the second asset (the stochastic volatility) is not tradable, i.e. K. =R x {0}. In this
framework, the super-replicating price of a call (or any convex payoff) option on X%, is

simply the g-volatility Black Scholes price of this call, see e.g. [7].

Hence, even for hypercube type constraints, the exact replication of the facelifted ter-
minal payoff does not always match the constrained super-replication of the payoff. The
purpose of the next section is to investigate the conditions one should impose on the model

dynamics o and the set K, for this useful property to be satisfied.



3.2 The main result: general convex constraints

We now consider general Delta constraints characterized by a subset K of R? satisfying

the following assumption :
(Hg) K is a closed convex subset of R? with non empty interior and 0 € K.

We consider a stocks’ price process X with general dynamics (2.1). The next theorem
provides a tractable necessary and sufficient condition ensuring that, in order to super-
replicate under K-constraints any option with payoff function satisfying (Hh), one simply

needs to replicate the facelift transform of the terminal payoff.

For any point y on the boundary 0K of K, we denote by Nk (y) the set of unitary normal

vectors to K at y i.e.

Nk(y) = {ne]Rd cn|=1 and (n,y—19') <0 VY EK} .
We define 9K the set of points y € 0K where there exists only one normal vector denoted
n(y), i.e.

0K = {y€dK, N(y (W)} - (3.1)

Equivalently, OK is the set of the boundary points where there is a tangent hyperplane,
see [16] for details.

Finally, for any y € 0K we associate to

n(y
such that n1(y) := n(y) and (21(y),...,n4(y)) i
by P(y) the new matrix basis i.e. P(y)e, = n

orthogonal matrix.

) a family (ny(y),1 < £ < d) of d vectors
an orthonormal basis of RY. We denote

is
¢(y), 1 < ¢ < d. Observe that P(y) is an

When it is clear from context, we shall omit the 'y’ in the above notations, for the reader’s

convenience.

Theorem 3.1 Let us consider the two conditions:
(i) For any payoff function h satisfying (Hh) and any (t,x) € [0,T] x R%, the super-

replicating price and strategy of h(Xélz) under K -constraint coincides with the exact

replicating price and unconstrained strategy of the facelifted claim FK[h](X%m).

(i) The following holds true:

By {Tr(o’a—r(o)ﬁg(y)ﬁ;—(y))}n(y) = 0, 2<k(<d, (3.2)
for all y € OK.

10



Under (Hk), we have that (i) implies to (ii). Moreover, if (Ho) holds then (ii) implies

().

In order to alleviate the presentation of the paper, the proof of this theorem is post-
poned to Section [5} Considering first regular payoff functions h which are stable under
the facelifting procedure, the unconstrained hedging strategy of h(Xr) interprets as the
solution of a linear BSDE (or PDE) with terminal condition VA(Xr) € K. We introduce
in Section [4] the notion of first order viability for the corresponding BSDE which ensures
that the solution of the BSDE is valued at any time in K, for any bounded terminal payoff
function of the form VA(Xr) lying in K. We then establish in Theorem that Con-
dition (ii) above is necessary and sufficient for this newly introduced first order viability
property. The extension of this property to payoff functions satisfying (Hh) is done via a

regularization argument presented in Section

Remark 3.2 The previous property extends also naturally to American options, under

additional regularity assumptions. See Remark (ii) below for a sketch of proof.

Remark 3.3 Observe that Condition (3.2)) is always satisfied if the volatility function o
is constant. Therefore, the replication property (i) is valid for any closed convex set in the

particular case where the assets’ price X is a multidimensional Brownian motion.

Remark 3.4 For a fixed y € 8?(, Condition (3.2) can be rewritten fully in the new basis

(e(y))1<e<a-
Let us define 5(-) := PTo(P-), then (3.2)) simply reads

o1 [&k(&E)T] =0,

forall 2 < k < /¢ <d. If we define X = PTX, then the above condition states that there
is no dependency upon the first component of X of the quadratic covariations of the other

components. See below for financial examples.

3.3 Financial applications

We now present financial applications of the main result of the paper. We also precise
the form of the necessary and sufficient condition for relevant convex constraints and
model dynamics in the field of mathematical finance. We successively consider the cases of
illiquid assets, short sell prohibition and restrictions on the total number of positions taken
on the financial market. For the particular case of the bidimensional Black Scholes model,

we identify all the constraint types allowing to super-replicate an option via a classical

11



replication of the corresponding facelifted payoff. Finally, we emphasize the model dynam-
ics satisfying the viability property for any possible closed convex constraints. Although it
is always the case in dimension d = 1, it appears that no reasonable financial model does

so in dimension d > 1.

Example 1: Non-tradable asset.

In dimension 2, we consider the case where Asset 1 is illiquid and thus cannot be traded.
The corresponding convex set K is the ordinate axis {0} x R. This convex set does not
satisfy Assumption (Hp) since it has an empty interior, but Remark below justifies
that Theorem is also valid for hyperplanes. The only normal vectors to K are n = (1,0)
and n = (—1,0) which lead to the same Condition (3.2)), which rewrites

o [lo? P+ 102 = 0. (3.3)

This necessary and sufficient condition indicates that the quadratic variation of the second
asset does not depend on the first one. Observe that the condition derived by [4] for

classical viability property rewrites: 902! = 9;0%? = 0. This condition is stronger than

(3.3) as expected.

Example 2: No short sell.

Consider a market with two assets where short selling Asset 1 is prohibited ie. K =
R* x R. Up to their sign, this convex set shares the exact same normal vectors with
the one considered in the previous example. The main observation here is that Condition
is only related to the border of K so that convex sets with similar borders share the
same viability property. Therefore the prohibition of short selling asset 1 is also related
to Condition . Moreover, since the corresponding convex sets share the same unit
normal vectors, we emphasize that restricting to portfolios A such that A! € [—a,b] N R
for some a, b € [0, 00] leads to the same condition derived here when (a,b) = (0, c0).

Similarly, if short selling any of the two assets is prohibited, super-replication reduces to

hedging the facelifted claim payoff whenever the stock model satisfies
o [le® P+ 0] =0 and & [lo" )P +o"??] = 0. (3.4)

In dimension d, when the subset J C {1,...,d} of assets cannot be short sold, the necessary
and sufficient Condition (3.2) rewrites as a constraint on quadratic covariations and takes

the following form:

0y oo™ ok goM] = 0, e, ke{l . d\ (i)}
Example 3: Bound on the number of shares.
We now consider the case where the investor faces a constant upper bound C on the total

number of possible positions he or she can take on the financial market. In dimension 2, this
corresponds to the consideration of the lozenge convex set K = {(A!, A%) € R? / |Al| +

12



|A2] < C}. Up to their directions, there are two normal vectors for the convex set K:
namely (1,1) and (—1,1). Thus, the condition (3.2)) rewrites as

o UUH — 22 4 [o12 022|2] T+, [‘011 — o2 4 fol2 - 022‘2] - 0
o “011 + o220t + 022‘2] — 0 [‘011 + o2 2 4012 + 022‘2] 0

Observe that this condition is the one given by (3.4), but simply written in a different

orthonormal basis.

Example 4: The multidimensional Black Scholes model.
We now focus on the Black Scholes model in dimension 2 and look towards all the convex
sets K for which super-replicating under K-constraints reduces to replicating the facelift

transform of the claim. We assume that the dynamics of the stocks are given by
dX; = Diag(Xy)XdW,, 0<t<T,

with

_ s xpi2 , ' X 0
Y= w2 32 and  Diag(Xy) := 0 x| 0<t<T,

where X is invertible.
This model being first order viable for all K means that for any (normal) vector (a, b) € R?,
the condition (3.2)) holds true. This rewrites
a0y [|a221x2 — 6211931]2 + \a222:c2 — b212m1|2]
+ b0, [|a221x2 — b211x1|2 + \a222x2 — b212:171|2] = 0,

for any x = (21, 22) € R?. Hence a halfspace with unique normal vector (a,b) satisfies the

expected replication property if and only if
ab (2 — ot | 22 51 (82] " (<b,a)T = 0, zeR?.

Whenever a = 0 or b = 0, i.e. K is an hypercube, we observe that this relation is always
satisfied. Moreover, from Proposition [3.2] we know that the converse is true.
If @ # 0 and b # 0, differentiating the previous expression with respect to the asset value

z leads to

\b\Qa (221 o 211 , 222 o 212) (Ell , 212)—r = 0 ,
\a|Qb (221 o 211 , 222 o 212) (221 , EQQ)T —

Hence the property is satisfied for any (a,b) € R? if and only if it holds for (a,b) = (1,1),
which rewrites

D (221_2117222_212)T - 0.

13



Since ¥ is invertible, this condition reads 2! = 3! together with ¥??2 = X!2, which
is absurd. Therefore, the only convex sets satisfying the replication property for the bi-

dimensional Black Scholes model with invertible X are the hypercubes.

Example 5: Model with unconditional viability property.

We observed in Remark that the Brownian motion satisfies the replication property for
any closed convex set K with non empty interior. In dimension 1, Proposition states
that any model satisfies this property. We now intend to identify the models with separate
dynamics and invertible volatily matrix satisfying this property in dimension 2. Hence, we

focus on stock models of the form
dX; = oM (X)dw} +o*(X)H)dWE, 0<t<T, i=12.

For any normal vectors (a,b) € R?, Condition rewrites

ady [lac* —bo'? + |ac?? — bo'??] + by [|Jac® — bo' 2 + [ac®? — ba'??] = 0.
Hence, a model o satisfies the replication property for any closed convex set if and only if

ab (0a0®' — 010"t | o0 — 0101?) o' (=ba)" = 0, (a,b) € R?.
Since the volatility function ¢ is invertible, this condition is equivalent to the relation
Aol = 9yo?t and Oo'? = 90?2,

A bi-dimensional model with separate dynamics satisfies the replication property for any
convex set if and only if the two assets share the same linear volatility function up to
a constant. Since the volatility matrix requires to be invertible, this constant vector is
different from (0,0), so that the asset values cannot remain non-negative at all times.
Hence, no financial model with positive assets price satisfies the replication property for

any closed convex set in dimension 2.

4 First order viability for the PDE L,u =0

In this section, we introduce a new notion of viability for linear PDEs. Namely, the
constrained super-replication problems considered in this paper entails to find out whether
a hedging strategy with terminal value in K will always do so on the time interval [0, 7.
Since the hedging strategy rewrites as the gradient of a function of X solving the linear
PDE L,u = 0, we want to know if the gradient of the solution of this PDE lies in K
on [0,T7] as soon as it does so at time 7. This leads to the notion of first order viability
property for the PDE L,u = 0, presented in Section [4.1l This notion interprets also in
terms of viability for linear BSDEs associated to the subclass of gradient type terminal
functions. We verify in Section [£.2] that the PDE L,u = 0 is first order viable for a closed
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convex set K with non empty interior whenever it is first order viable for almost all its
tangent half-spaces. Specializing then our study on first order viability for half-spaces, we
provide in Section [4.3] a geometric condition indicating whether or not the PDE L,u =0
is first order viable for a given half-space. This finally allows us to verify in Section [1.4]
that the PDE L,u = 0 is first order viable for a closed convex set K if and only if the
structural condition on the couple (o, K) is satisfied.

4.1 First order viability: PDE and BSDE viewpoints

For any h € Cl}(Rd, R), the price function u" of the European option with terminal payoff

function h and maturity 7' is given by:
uh(t,z) = E[h(x;:x)] . (t,x) €[0,T] x RY .
This function interprets as the unique viscosity solution of the parabolic PDE

{ Lou(t,z) = 0  for (t,z) €[0,T) x RY, (4.1)

u(T,r) = h(zr) forzecR?,

in the class of continuous functions with polynomial growth, see e.g. [15]. Moreover, by
Theorem 3. in [12], we deduce that u" is C} on [0, 7] x R<.

We now introduce the notion of first order viability.

Definition 4.1 The PDE L,u = 0 is first order viable for a given set C (or C-first order
viable) if and only if, for any function h € C} (R4, R) s.t.
Vh(z) € C, zeR?,
the function u" defined by satisfies
vul(t,z) e C, (t,z) € [0,T] x RY .
Remark 4.1 Contrary to the classical definition of viability, which requires the function

u” to take value in C, our definition deals with the first derivative of v which has to be

valued in C.

The first order viability property for the PDE also has a direct interpretation in terms
of linear BSDE solution. Indeed, as detailed in the next proposition, d,u”(t,z) admits a
BSDE representation, for any (¢,x) € [0,7] x R? and h € C} (R4, R).

! An uniform ellipticity condition for o appears in the statement of this theorem but this assumption is

not used in the proof and indeed not required.
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For t € [0, T], we denote by S?[t, T] the set of Fi-adapted continuous processes (Us)seft 1]
valued in RY and by H2[t, T] the set of Fl-predictable processes (V) seft,7) valued in My
such that

E[SEE%WSF} < oo and E[/tT|VS|2ds} < o0,

Proposition 4.1 Let h be in C}(RY,R). For (t,z) € [0,T] x R, we consider the process
(Abmh Ab@hY € S2(t, T x H2[t, T solution of the BSDE

T T
ALTh = TR(XE") + / F (X5, AL®h)dr — / AbThaw, . s e [t,T), (4.2)

where F, : R4 x My — R? is defined by

d
Fo(z,A) = ) [0e07(x)]'A7, zeRT, AeMy. (4.3)
j=1
Then we have
Abmh — (s, X% seft,T], zeRe.
Moreover, under (Heo), we have that Ab®! = TH®hg(XH®) for some symetric matriz

valued process TH%".

Observe that the first order viability for the PDE L,u = 0 can be directly rewritten in
terms of (zero-order) viability property for the linear BSDE (4.2)) on a subclass of gradient

payoff functions.

Corollary 4.1 The PDE L,u = 0 is first order viable for a given set C if and only if,
for any h € CL(R%, R) such that Vh belongs to C, the solution (A?I’h)tgng of the BSDE
[4.2) belongs P—a.s. to C, for any (t,z) € [0,T] x R

Proof of Proposition Fix (t,z) € [0,7] x R? and h € C} (R4, R). Let (Y%, Z6%) €
S?[t, T) x H?[t,T] be the solution to the following BSDE with no driver:

T
YT = h(XET) - / ZyrdW, s € [t,T].

Such a solution exists and is unique since h € C}(R%,R) and o € CL(R?, M,). We consider
the inverse of the tangent process 9, X"* as well as the tangent process (9,Y"*, 9, Z5%) of
(Yhz Zb%) see e.g. [12]. They have the following dynamics

d

0. X5 = 1o+ / 0 erl(Z[a oI (XL dT*Z / (0, X [0po I (X7 AW
t
O Y1 = 0, h(X5") 0, X 0" — / D ZLIdWI | t<s<T.
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From e.g. Theorem 3.1 in [12], we know that

Opu(t,z) = 0, Y" . (4.4)

Recalling that the process (Aé’x)tgng is solution to the markovian linear BSDE (4.2))
with continuous coefficient function, we have that A5* = v(s, X2) for some continuous
function v, see e.g. Theorem 4.1 in [I0]. Observe also that A" = v(t,z) is deterministic.

Applying 1t6’s formula, we compute using the dynamics of [axXg’x]_l and 9,Y%* that
ALTT = 9, Y9, Xbe 7L, t<s<T. (4.5)

Setting s = ¢ in the above equation and using (&.4), we obtain that A" = [9,u]" (¢, z).
We deduce that AY" = Vu(s, X5*), for any s € [t, T

When the volatility matrix o is smooth, one can show, using Feynman-Kac formula,
that Ai’m’h is a classical solution of a semi-linear PDE and then Ai’x’h = Oggu(t,z)o(z). In
the general case, one uses a regularization procedure and the stability property of (linear)

BSDEs to show that IT*»®" is the limit of symetric matrix and thus symetric itself. |

The rest of the section is dedicated to the proof of a necessary and sufficient condition for
the first order viability property to hold. It is important to observe that the only possible
terminal conditions for the linear BSDE are of the form Vh(Xr). Hence the viability
characterization for BSDEs derived in [4] does not apply directly here since it requires the
consideration of any terminal condition of the form ¢g(Xr), with g a continuous function.

In the next section, we adapt the arguments developed in [4] using a geometric approach.

4.2 First order viability and half-space decomposition

In this section, we prove that the first order viability for a closed convex set K satisfying
(Hp), is characterized by the first order viability of a well chosen collection of half-spaces
H supporting K, i.e. such that K € H and 9H N K # (). For this purpose, we first rewrite
K as the intersection of the corresponding half-spaces and then discuss the related first

order viability properties.

For y € 0K, we denote by p(y) the radius of the largest closed ball included in K which
is tangent to K at point y i.e.

py) = sup{p>0|y€ B(z,p)C K, forsomezec K} .

The set of points of K with p > 0 corresponds to a subset of points where the convex

surface presents some regularity. We denote this subset by oK, namely,

OK = {ycdK, ply)>0}.
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In particular, observe that for any point in 0K, there exists a unique normal vector so that
0K c 0K C OK, where 0K is defined in 1} For y € K, we denote by n(y) the

unique normal vector and by H, the half-space tangent to K at point y containing K, i.e.

H, = {y’ERd, <y'—y,n(y)>§0}, yE@:K.

Lemma 4.1 Any convex set K satisfying (Hg) rewrites

K = () Hy. (4.6)
yE@NK

Proof. The proof divides in two steps.

Step 1: Theorem 18.8 in [16] states that x € K if and only if
(x—y,n(y) <0, yedK. (4.7)
Let A be a dense subset of K. It is obvious that z € K implies
(x—y,n(y)) <0, yeA. (4.8)

We are going to verify the converse implication, showing that implies . For this
to be true, we only need to find for any fixed y € 0K an approximating sequence (y;) of
points in A s.t. y; — y and n(y;) — n(y).

Let first observe that for y € 9K, since A is a dense subset of K, there exists (y;); an
approximating sequence of points in A converging to y. Since {n(y;),i > 0} is compact,
we have that, up to a subsequence still denoted (y;), (n(y;)); converges to some unit vector

v. Moreover, we compute

0> (x—yi,n(y)) = (x—y,n(y)) +{y—vi,nlyi)), xze€K, i>1.

This implies that (x — y,v) < 0 for any = € K, so that v is a normal vector for K at y.
Since y € K, we get v = n(y) and (4.8) holds.

Step 2: Let B be the unit closed ball and set K* = K NaB for a € N, with o > 1.
Hence K = U,K®. For a > 1, one observes that if z € 9K \ 8K and |z| < a, then
z € K\ OK. McMullen [I3] shows that K\ K has a zero R%!-lebesgue measure,
for any @ > 1. Since K = U,K®, this implies that K is dense in OK. Combined with
Step 1, this concludes the proof of the lemma. O

We now observe that the first order viability property for the convex set K relates to the
first order viability property for every half-space H,, y € OK. This nice property allows
us to restrict our upcoming argumentation to the consideration of viability property for

half-spaces.
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Proposition 4.2 Let (Hg) be in force. Then, the PDE Lyu is first order viable for the
closed convex set K if and only if it is first order viable for every half-space H,, fory € oK.

The proof of this proposition requires the following lemma, which states the homothetic

stability of the first order viability property.

Lemma 4.2 The PDE L u is first order viable for a closed set C if and only if it is first
order viable for every closed set A\C +y with A > 0 and y € R%.

Proof. We fix a set C' and choose y € R and A > 0. We suppose that the PDE Lyu
is first order viable for C' and simply need to verify that it is also first order viable for
AC +y. Let h € CH(RY,R) such that d,h" is valued in AC + y and define the function
g € CL(RY,R) by

g(z) = (h(x) - <x,y>> , zeRe.

>| =

The gradient of g directly satisfies
1
dpg(z)T = X(&,;h(m)—r - y) e C, zeR?.

Since the PDE L,u is viable for C' we deduce that [0,u9]" is valued in C. Moreover, we
easily check that the function (¢,x) — Au9(t,x) + (x,y) solves the PDE

Lou = 0on [0,T) x R, w(T,.) = honR?. (4.9)
From uniqueness of the solution to (4.9)), we get
uh(t,e) = Mf(ta)+ (zy), (L) €[0,T] xR,

Since [9,u?] " is valued in C, we deduce that [0,u"]" is valued in AC' 4. The arbitrariness

of h indicates that L,u is first order viable for AC' + y and concludes the proof. O
We now to turn to the proof of Proposition [£.2]

Proof of Proposition The proof divides in two steps, corresponding to each impli-

cation.

Step 1: Assume that the PDE L,u = 0 is first order viable for any H,, with y € oK.
We deduce from this viability property and the representation of K given in Lemma [4.1
that, for any h € CL(R%,R) with 9,h" valued K, [0,u"]" is valued in every H,, y € oK.
Using again the representation of K given in Lemma [£.1], we conclude that K is first order

viable.

Step 2: Assume that the PDE L,u = 0 is first order viable for K.
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We intend to prove that it is also first order viable for any H, with y € oK. Up to
considering K — {y} according to Lemma we suppose that y = 0.
By definition of K and denoting by n the normal vector to K at point 0, there exists
Ry > 0 such that the ball B(—Ron, Ry) C K is tangent to K at 0. We pick h € C}(R%, R)
with 9,h" valued in Hy. We choose any arbitrary € > 0 and intend to prove that [9,u"]"
is valued in Hy + en.

Since d;h' is bounded, there exists R. such that d,h" is valued in B((¢ — R:)n, R.).

Therefore, we deduce that
T — Rg — RE d
Ozh' (z) € B((e = Re)n, Re) = R—B(—Rgn, Ry) +en C R—K +en, zeR%.
0 0

Since the PDE L,u is first order viable for K, Lemma indicates that it is also first
order viable for %K + en and therefore [9,u"]" is valued in %K + en. But, since the

half-space Hy is convex cone, we have

R R
R—ZK+6n - R—ZH0+5n = Hy+en.

Thus [0,u"]" is valued in Hy + en, for any ¢ > 0. Hence, [0,u”]" is also valued in Hy.
Therefore, the PDE L,u = 0 is first order viable for any hyperplane H,, with y € OK. O

4.3 First order viability property for half-spaces

The aim of this section is to prove the following result.

Theorem 4.1 If the PDE L,u = 0 is first order viable for the half-space H with normal

unit vector n then
(n, Fy(z,yo(x))) = 0, Ve eRY, y€S; suchthat (n,y)=0. (4.10)

Moreover, whenever (Ho) holds, the converse is valid.

The proof of this theorem is done in two steps below, proving each assertion separately,
namely Proposition and Proposition The proofs follow ideas developed in [4] for
(zero-order) viability properties on BSDEs, but are much simpler due to the consideration

of half-spaces.

Remark 4.2 (i) The condition (n, Fy(x,vo(x))) < 0 has a natural geometric interpre-
tation. For a given terminal condition in H, it indicates that the A-component of the
solution of the BSDE with generator F, is pushed inside the half-space H whenever
it comes near its boundary. This condition takes the form (n, F,(z,vyo(z))) = 0 in our

context since F,, given in (4.3)) is linear with respect to its second variable.
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(ii) Assume (Ho) holds true. The BSDE (4.2) satisfies the classical (zero-order) viability
property for the half-space H if and only if
(n, Fo(x,yo(x))) = 0, Ve eR?, ye My suchthat (n,7)=0.

This condition is the one given in [4] adapted to our context, it is stronger than (4.10)). It
is important to observe that the restriction to terminal conditions of the form Vh(X%z)

translates into the only consideration of symetric matrices .

Before proving Theorem we state that Condition (4.10) and Condition (3.2)) for

half-spaces with normal vector n, are the same.

Lemma 4.3 Condition (4.10)) is equivalent to
Oz [Tr(aa—r(-)ﬁm;r)}n =0, 2<k<t<d. (4.11)

recalling that (n, s, .. .,7q) is an orthonormal basis of R?.

Proof. We denote by P the new basis matrix associated to (n(y), n2(y), ..., n4(y)), recall
that P is an orthogonal matrix. We then introduce the family (ex¢)1<r<s<q of elements of
Sq, given by

ek = e(y)(y) " + An(y)ne(y) "

:= P(ege) +exe) )P

for 1 < k < /¢ < d. This family is a basis of .9;.
Moreover, it is straightforward to show that the family (exs)2<r<e<a is a basis of {y €
Sy ,s.t. n'~ =0} If we assume that

Fo(-, epe0o) = ax[Tr(oaTﬁkﬁZ)]T , (4.12)

it is then clear that Condition (4.10) is equivalent to Condition (4.11)).
The following computations prove (4.12]):

d
Fo (-, epeo) = Z 0z[07] " egeo?
j=1



We now proceed with the proof of the necessary part of Theorem

Proposition 4.3 If the PDE L,u = 0 is first order viable for a half-space H with unit
normal vector n, then Condition (4.10) holds for n.

In order to derive this proposition, we use the following technical lemma whose proof is

given in the Appendix, see Section [6.3]

Lemma 4.4 Let (t,x,n,7) € [0,T] x R x 9B(0,1) x Sy such that (n,v) = 0. If the
PDE Lyu = 0 is first order viable for a half-space H with unit normal vector n, then Ab®
belongs to H where (A%®, A%®) is the solution on [t, T| of the BSDE (4.2)) associated to the

terminal condition v(X 3" — ).

Proof of Proposition Using Lemma we can assume w.l.o.g. that 0 € OH.
In order to verify that Condition (4.10]) holds for the vector n € dB(0,1), we pick any
r € R% and v € Sy such that (n,v) = 0. Since one can choose either v or —y and the map

v+ Fy(z,vo(x)) is linear, we only need to check that
(n, Folw,70(x))) < 0. (4.13)

We pick € € [0,7] and denote by X¢ solution on [T — ¢, T of the SDE (2.1)) starting in x
at time T — ¢ and by (A%, A®) the solution on [T — ¢,T] of the BSDE (4.2 associated to
the terminal condition y(X7 — «). We deduce from (n,v) = 0 that (n,v(X5 —z)) =0 so
that A% = v(X} — ) € 9H. This implies that

T T
(n, A7) = / (n, Fo(X5,AS))ds — / (n, AS)dWs , T—-e<t<T.
t t

Since the PDE L,u = 0 is first order viable for the half-space H, Lemma [{.4] indicates that
A€ belongs to H and thus

n,AS) < 0, T-e<t<T. (4.14)
Let us define the process A¢ on [T —¢e,T) by
. T
A = (X7 —2a)+ Fy(z,yo(x))(T —1t) — / ~yo (X5)dWy T—e<t<T.
t
Since (n,v) = 0, we compute directly
(mA5_) = (n, o, yo(a))e (4.15)

In particular, observe that 1) is satisfied as soon as (n, A%_6>/5 is non-positive for

small enough.
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Besides, (A, A%) and (A¢,y0(X¢)) are solutions on [T — &, T] of BSDEs with the same
terminal condition (X5 — x) and respective drivers (F,(Xs,.))s and F,(x,vyo(x)). The
stability property for BSDE, see for e.g. Prop 4.1 in [4], reads

(

where C is a non-negative constant, which may change from line to line and does not

]E|A§“—e_ %—a|2 < CE
T—e

T 2
/ |FU<X§,w<X;‘>>—Fo<x,w<x>>rds)] ,

depend on €.
The Cauchy Schwartz inequality together with the Lipschitz property of the driver with

respect to its second variable leads to

T
E|A7 .~ A7 f < Cﬁ/T E [[yo(X5) = o (@)]” + [Fo (XS, yo(2)) — Folz,y0(2))[?] ds
—&

Ce’(e +a.), (4.16)

A

where the last inequality follows from classical estimates on the forward diffusion X¢ on

[T —e,T], and a¢ is given by

a = E

sup \Fa(Xiw(x))—Fa(x,’w(w))2] :
T—e<s<T

Observe from the Markov property of the process X¢ that a. rewrites

a. = E [ sup |Fy(X%% ~vo(x)) —Fg(x,’ya(:v))\Q] .

0<s<e

Since o € C} (R4, RY), the function F,(.,yo(z)) given in (4.3) is continuous and bounded.
Therefore, the continuity of the process X% together with the dominated convergence
theorem ensures that a. goes to 0 as € does so. Thus, we deduce from (4.16)) that

)

Up to a subsequence, this implies that A%fs /e and AETfE /e share a.s. the same limit.

Therefore (4.14)) together with (4.15)) provide

(n, Fo(x,vo(z))) = lim (n,A§> — lim (n, Af)

e—0 e e—0 I3

AE €
AT—a - AT—&

9 9

— 0 as e€—0.

L2

< 0,

which concludes the proof. |

Remark 4.3 Observe that the same line of arguments indicates that (4.10|) is satisfied
for a given vector n € B(0,1) as soon as the PDE L,u = 0 is first order-viable for an
hyperplane OH with normal vector n. One simply needs to work with conditions of the

form (n,.) = 0 instead of (n,.) <0 in the above proof.
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Moreover, observe that OH rewrites H N H' with H' a half-space with normal vector
—n, and is automatically satisfied for —n as soon as it is valid for n. Therefore,
Proposition below indicates that the PDE L,u = 0 is first order-viable for both half
spaces H and H' whenever holds for n. Thus this condition is also necessary and
sufficient in order to ensure that the PDE L,u = 0 is first order viable for any hyperplane

with normal vector n.

Proposition 4.4 Suppose that Condition (4.10)) holds for the vector n € dB(0,1). Then,
under (Ho), the PDE L,u = 0 is first order viable for any half-space H with normal vector

n.

Proof. Without loss of generality, we assume that 0 € 9H, recalling Lemma

Let h be a function in C} (R, R) with gradient valued in H. Let X and (A, A) denote the
respective solutions of the SDE and the BSDE associated to any fixed starting
point (¢,z) in [0,7] x R? and terminal condition h(X7). We intend to prove that A is
valued in H on [t, T]. The first order viability of L,u = 0 for H is then a direct consequence
of Corollary [4.1]

Using Proposition we have, for t < s <T
T T
nTAs = nTAT + / nTFJ(Xw Lyo(Xy))du — / nTFuU(Xu)qu ) (4.17)
S S
where I is valued in S4. Recalling the proof of Lemmaﬁ we write I'y == > 1 cp<pey Velery
and observe that n'T',, = Ze 1 fy“n—rqz é‘PT.

Moreover, since Aéﬂ = Vh(Xr) € H, we get from (4.17)) that

T
n' A, S/ Z S| Tr(oo nan)](Xu)ndu—/ YEPTo(X,)dW, ,  (4.18)

S 1<k<e<d §

for all s € [t,T], recalling (4.12]).
Using Condition (4.10]) in its equivalent form (4.11)), we obtain

T
n' A, S/ Z’ywﬁ T ( O'O' ning )](Xu)ndu—/ Pl o (X,)dW, , (4.19)

S

for s € [t,T]. Defining the vector valued process 6, s.t. 05 = 0,[Tr(oo 17, )](Xu)n,
1 < ¢ <d, we compute

T
nTA, < — / VL PT o(Xo)(dWa — [PTo(X)] udu), t<s<T, (4.20)

Under (Ho), applying Girsanov Theorem, we know that there exists an equivalent prob-

ability measure PY, under which the process W — [[PTo(X,)]~!0,du is a Brownian motion.

24



Taking the expectation under this new probability measure in (4.20)), we obtain
nTA; <0, t<s<T,

which concludes the proof. O

Remark 4.4 Let H be a half-space with unit normal vector n and 7 a stopping time valued
in [0,7]. Whenever Condition holds for n, we observe that the same arguments as
in the above proof show that the first component of the solution of the BSDE lies in
H on [0, 7], if it belongs to H at time 7.

4.4 First order viability for general convex sets

As established in Proposition the first order viability of a closed convex set K with
non empty interior is characterized by the first order viability of supporting half-spaces H,
tangent to K at points y € OK. We shall verify in this section that it is also characterized
in terms of first order viability on the largest class of supporting hyper-spaces H, associated
to any y € OK. More importantly, we derived in Theorem a necessary and sufficient
analytical condition ensuring the PDE L,u = 0 to be first order viable for a given half-
space. Combining these observations provides therefore a similar condition for any closed

convex set K with non empty interior.

Theorem 4.2 Let (Hg) be in force. If the PDE L,u = 0 is first order viable for the
convex set K, then the condition (3.2), which rewrites equivalently

(n(y), Fo(x,vo(x))) =0, forall x¢€ R? , Yy E oK , Y€ Sqg such that (n(y),v) =0,
(4.21)

is satisfied. Besides, whenever (Ho) holds, the converse is valid.

Proof. The proof is performed in several steps.

Step 1: implies the first order viability property.

We assume in this step that is satisfied and (Ho) holds. Then, for any y € oK,
Theorem [£.1] indicates that the PDE L,u = 0 is first order viable for the supporting half-
space Hy. In particular, it is first order viable for any half-space H, with y € OK and
Proposition implies that it is first order viable for the convex K.

Step 2: The first order viability property implies (4.21)).
Assume that the PDE L,u = 0 is first order viable for K. Proposition indicates that
this is also true for any half-space H, with y € OK and Theorem implies that

(n(y), Fy(z,yo(z))) =0, VeeRY, yedK, yeS; suchthat (n(y),7)=0.
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It remains to check that this relation is also valid for a given y € oK.

Let y be in OK. As observed in the proof of Lemma y € 0K is the limit of a
sequence (y,)pen of points lying in K s.t. n(y,) — n(y). Fix now some (z,7) € R x Sy
satisfying (n(y),v) = 0. Then there exists a sequence (7,) in Sg such that (n(yp),vp) =0
for any p > 1 and 7 = limpocyp. Indeed, since v € Sy, there exists O € My s.t.
00" =070 = 1; and O"yO = D where D is a diagonal matrix with D' = 0. The
matrix O corresponds to the new basis matrix from the canonical basis to an orthonormal
basis B’ = (n(y),n2,...,n4). Then consider the basis B, obtained by applying the Gram-
Schmidt orthonormalization procedure to the basis (n(yp)p, n2, ..., nq) and denote by O,
the new basis matrix for B{D for p > 1. Since the Gram-Schmidt orthonormalization
procedure is continuous, we get that lim, ,.. Op = O. Then define the sequence (), in
Sq by

Yp = O;—DOP, p>1.

From the definition of the basis B, and since D11 = 0 we have (n(yp),yp) = 0 for all p > 1.
Moreover, since lim;,_,o, O, = O, we have lim,_, 7, = 7.

Now, since y, € K and (n(y,), 1) = 0, we get

<n(yp)7F0(xa7pU(I))> = 0,

for any p > 1. Letting p go to infinity, we obtain (n(y), F,(z,vo(x))) = 0 and (4.21)) holds

also for (y,z,7) € 8K x R x Sy such that (n(y),~) = 0.
O

Remark 4.5 (i) As observed in Remark , Condition (3.2]) also ensures that, if the first
component A of the solution to the BSDE lies in H at a given stopping time 7 valued
in [0,7], A remains in K on [0, 7]. Therefore Condition is necessary and sufficient to
ensure that the BSDE satisfies the first order viability property for K on any random

time interval [0, 7], with 7 stopping time smaller than 7.

(ii) Consider for example an American option whose exercise payoff is h(X"%) on [t, T].
We assume that h € Cg (R, R) with VA valued in K. We denote by 7* the optimal stopping
time. Under some regularity assumptions, it is known that the Delta of the option at time
tis AP”, where the terminal condition in is now random and given by Vh(X"") € K,
see e.g. [8] Theorem 2.3 and the references therein. One can then apply (i) above to
conclude that Theorem holds true for American Option, under strengthened regularity

assumption.

5 Proof of Theorem [3.1]

In this Section we prove the main result of this paper, i.e. Theorem using the results

of Section 4 together with some regularization arguments. We prove each implication
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separately.

51 () = (i)

Let h be any function in C} (R4, R) such that Vh is valued in K. Our goal is to show that
Vu" is valued in K when (i) holds true (h is not necessarily bounded from below). If this is
the case, then the PDE L,u = 0 is first-order viable and the statement is a straightforward
consequence of Theorem [£.2]

We now construct an approximating sequence of functions (hy)n,>0 s.t. hy, satisfies (Hh)
and Vul (t,z) — Vul(t,z), as n — oo.

To this end, we introduce, for n > 0,

# 1
furze® = [ Foylinslody—(n+3).

where Fj ;) is the facelift operator on R associated to the convex set [0, 1]. We then define
the sequence (hy), by hy, = fn, o h for all n > 0. We notice that f,, is lower bounded and
fa(y) =y for all y > —n, and all n > 0. We compute that Vh, = f/(h)Vh and since
1l €10,1], Vh,, € [0,Vh] C K. Thus h,, satisfies (Hh). Moreover, we have h,(y) — h(y)
and Vh,(y) — Vh(y), as n — oo, for all y € R?. Using the representation of Proposition
and usual stability arguments for BSDEs, we obtain that Vu(¢,z) — Vu"(t,z), as
n — 0o. Under (i), we have that Vu"" takes its values in K and so does Vu”. O

5.2 (i) = (i)

Step 1: Replication strategy for F g [h] (X;lx)
Let fix (t,x) € [0,7) x R%. Under (Hh), h is bounded from below. Hence, Lemma (v)
ensures that F[h] (Xftpm) is also bounded from below. Using the martingale representation

Theorem, we have
T
w1 1) = F[h])(X5") - / zbeaws,
¢

which allows us to define the replicating financial strategy (As)seje,r) for Fx/[h] (X;z) by

Al = ZbeN(XEY), selt,T].

S

Since Z4* € H2[t,T] and o~ 1(X"®) is a continuous process, this strategy is obviously

admissible.

Step 2: Viability of the replication strategy of Fi[h].
We now prove that the replicating strategy ® is admissible. The main difficulty relies here
in the lack of regularity of the payoff function under assumption (Hh). We therefore use

an approximation argument and proceed in two substeps.
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Substep 2.a: Regularization of h.
Under (Hh), we consider the Lipschitz-regularization (hy) of h given in Lemma [6.2] We

introduce the sequence ("Z%%) given by
T
uF Kl 2y = Frelhn](X77) _/ "ZoTdWs,  n>1.
¢
Using (Hh), Lemma and the dominated convergence theorem, we easily obtain
. taoy 2 AYP2 -
Tim. E[|FK[h](XT ) — Frc[hn) (X57)] } 0

and thus "Z5* — Z4% in H2[t, T).
Defining the process "AT := "Zt%¢~1(X5*) we directly deduce that up to a subsequence

"A = A, P®Xae onQx][T]. (5.1)
Substep 2.b: Regularization of F i |hy].
Fix n € N and let ¢ be a compactly supported smooth probability density function on R¢.

We define the sequences of function (p)k>1 and (Fy,x)k>1 from R? to R by ¢ : @ +—
k%p(kx) and

Fop: @ op # Frclhn](z) = /R el + ) Prlhal @)y

for any k > 1. Let us introduce ¥™Z given by the martingale representation Theorem

T
ufnk(t, @) = g Fic[ha) (X757) — /t SNZgtdWs, k21,

As in the previous step, we define the sequence of processes #"AT = knzbrg=1(xtr),
We observe that, up to a subsequence, #"A — ™A a.e. on Q x [t,T] as k goes to co.
Besides, Theorem 3.1 in [12] directly implies that

kA, = Vulfnr(s, X%, t<s<T, nk>1. (5.2)
Now, since F[h,] is a bounded Lipschitz function, combining Rademacher Theorem with
Lemma (i) we have Cx (9, F k[hn](x)) > 0, for almost every z € R?, which means
VFklhs] € K, ae on R?,

We also observe that, since Fg/[h,] is Lipschitz cotinuous, we have from the dominated

convergence theorem
({9]'1‘77%]C = (g * 8jVFK[hn], 1<5<d.
Now, since K is closed and convex, we obtain

VF,, € K, nk>1. (5.3)
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Applying Theorem , we deduce that (Vufmk(t,.)), . and thus ("FA), ; are valued in
K, recalling ((5.2)).

Substep 2.c: Viability of the replicating strategy of Fi[h].

For any n > 1, since *?A — ™A a.e. as k goes to infinity, the closeness of K implies that
™A is valued in K a.e.

A similar argument yields that A is also valued in K, recalling Step 1. Since A is an

admissible strategy, we conclude that A € Afx.

Step 3: Identification of the super replicating price of h and the replicating price of F i [h].
Substep 2.c yields that "% "](¢, 2) dominates the super-replication price v/% (¢, 2) of h(Xritp’gc)7
recalling Definition 2.1} The proof is concluded using Corollary [2.1] O

6 Appendix

6.1 Facelift properties

The first lemma collects some useful properties of the facelift transform. Lemma [6.2]is an

approximation result and Lemma is a (minimal) PDE characterisation of the facelift.

Lemma 6.1 (i) If h is lower semi-continuous, then F/[h] is also Ls.c..
(ii) If h(z) > g(x) for all x, then Fx[h](z) > Fxlg](z), for all z € R
(i5i) If 0 € K and h(.) = ¢ with ¢ a given constant then Fg[h] = h.
(iv) Fg[hV g] = Fg[h] V Fk[g].

(v) F[h] > h and Fx[h] = Fx[Fx[h]].

Proof. Property (i) holds true since dx is assumed to be continuous on its domain,
the supremum of lLs.c functions being l.s.c as well. Properties (ii)-(iii)-(iv) are obvious
consequences of the Definition [2.2] of the facelift transform. Property (v) follows from the
fact that 0 € K and the following computation
Fr[Fk[h]l(z) = sup Fg[h](x+y2) — 0k (y2)
y2€R?

= sup h(z+y2+u1) —k(y1) — 0k (y2) < Fklh](z),
y1,y2€RE

for any = € RY. |

Lemma 6.2 Assume that h is lower semi-continuous and bounded from below by —my,,

for some mp, > 0.
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Then, there exists an increasing sequence (hy)n>1 of bounded Lipschitz function, uniformly
bounded from below by —my, converging to h and such that F[h,] 1 Fxi[h].

As a by-product, we obtain that Fi[h] is lower semi-continuous.

Proof. We define the sequence of functions (g, ), by
w(x) = inf {h -y}, zeR?,
m(@) = inf {ho)+nle =y} a

for n > 1. It is clear that the sequence (gy,), is nondecreasing, that —mj < g, < h and g,

is n-Lipschitz continuous for all n > 1.

We now prove that (g, ), converges pointwise to h. Fix some 2 € R%. Since h is 1.s.c and

bounded from below there exists a sequence (zy,), in R% such that
gn(x) = h(z,) +nle — x|, n>1. (6.1)
Since h is bounded from below by —my,, we deduce
nle —x,| < h(x)—h(z,) < h(z)+my, n>1,
so that lim,_ ., =, = z. Together with and the lower semi continuity of h, this yields
lim g,(z) > liminfh(z,) > h(x).

n—o0 n—oo

Thus, g, (z) 1 h(z) as n 1 oo, for all x € RY.

Define now the sequence of functions (hy,), by
ho(z) == gn(x)An, zeR?, . n>1.

Since g, is Lipschitz continuous and bounded from below, h, is bounded and Lipschitz
continuous, for all n > 1. Moreover, since (g, ), is nondecreasing and converges pointwise

to h, we also get that (hy), is nondecreasing and converges pointwise to h.

It remains to prove the convergence of Fg[hy] to Fx[h]. For any € R?, we simply

observe that
Frl[hl(x) = suph(x+u)—dx(u) = sup hp(x+u) —dx(u) = lim T Fglh,|(z) .
uek n>1uck n—roo
g
Lemma 6.3 Let h be a Lipschitz continuous function from R¢ to R.
(i) Assume that F g [h] is locally bounded, then F k[h] is a viscosity super-solution of
min{Cx (0zu),u —h} = 0 on R, (6.2)
(it) Let v be a differentiable super-solution of (6.2)), then
v(z) > Fglv|(z) > Fglh](x), zeRe.

In particular, if h is differentiable and Vh € K, then Fi[h] = h.
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Proof. Step 1: Proof of (i).
We first notice that, since h is Lipschitz continuous, Fx[h] is also Lipschitz continuous.
Let 7 € R and ¢ € C'(R?, R) a test function such that

0 = Fglhl(z) - ¢(7) = (strict) min(Fi[h] — ¢)(z) . (6.3)
Observe that Lemma (v) implies F g [F i [h]] = Fx[h], so that
Fghl(z) > Fgh(z+y)—ok(y), yeR’.
Using , we deduce
6(z) = ¢(@+y)—ok(y), yeR’.
In particular, for y = e¢ where ¢ > 0 and ¢ € K with [¢| = 1, we obtain

o) — @ +e)) Cok(0),  yeR.

Letting € goes to 0 yields 0 (¢) — 9,¢(Z)¢ > 0. Since ¢ is arbitrarily chosen in K, this
yields Cx (0,¢)(z) > 0.

Step 2: Proof of (ii).
Let v be a differentiable supersolution of (6.2)). We then have

Sr(y) —Ow(z+ty)y > 0, (t,z,y) € [0,T] x R x K .

Fix now # € R?. We get from the previous inequality

T (T +t
/ (My)—W)dt > 0, yeR’.
0

Therefore, we compute
v(@ > v(@+y) -ox(y), yeR!.
Taking the supremum over y, we obtain v(z) > F[h](Z).

Suppose now that h is differentiable and [0,h]T € K. Since we already know that
Fx[h] > h, we conclude Fg[h] = h. O

6.2 Proof of Corollary

For sake of clarity, let us define f)?{ by

o (t,x) = vk(t,x) for (t,z) €[0,T) x R?,
(T,2) = vW(T—,z) forzeR?.



Recall also the definition of u¥ 5" and (uF*[n]), in the proof of Theorem 3.1, Section
Step 1 and Substep 2.a and the fact that

Fi[h(z) = lim T Filhy](z) and WFEh (it 2) = lim 1ol 2)

noo

for (t,z) € [0,T] x R<.

From the left-hand equality of the above statement and Proposition [2.1] we deduce that

17?( is a viscosity super-solution of

{ —Lou(t,z) = 0 for (t,z) €[0,T) x R?, (6.4)

uw(T,z) = Fglhy)(z) for z€R?,

Since F[hy] is Lipschitz continuous, it is also well known (see e.g. [14]) that uFxl] is a
viscosity solution of , for any n > 1.

The PDE satisfies the assumptions of Theorem 4.4.5 in [I5], which provides a strong
comparison theorem for viscosity solutions with polynomial growth. Since the functions

uFxlhn] and f)?( have linear growth, this yields
Weltr) = a5l a),  (ta) € [0,T] xRY

for any n > 1. The proof is concluded letting n go to infinity. O

6.3 Proof of Lemma [4.4]

We fix (t,z) € [0,T] x R%. We first notice that, since v € Sy, the terminal condition
v(X%x — ) can be written under the form 7(X%x —x) = ax]}(X;x) with % defined by

1
h(z') = 5(@“' —z,y(@’ —2)), o eR?.

However, we cannot directly conclude from the H-first order viability of L,u = 0 that
A belongs to H, since the terminal payoff function h does not belong to C (R4, R). We

therefore construct a sequence (h,), valued in C} (R%,R) approximating h.

Since (n,~) = 0, we can write v = y* +~~ with v© and 7~ two elements of Sy which
are respectively non-negative and non-positive and satisfy (n,y") = (n,y~) = 0.
For all p > 1, define the function h, by

hp(z') = hi(a)+h,(2'), '€ RY

where the function A} is defined by

M) — {p(lﬁ(w’—w)—é’) it [V - o) 2,
! Lyt —a), (' —a)) it VAT —a) <p,
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and h,, is defined by
b () — { (V@ -l -F) i W@ )l 2,
P - _ .
(@ —a), (@ —2) i [V (@ —2)<p,
for all 2/ € R%. We then easily check that
_rF-z) if /~E (! — x)| >
p‘q /ifyi(xliz)‘ ‘ fy ( )| - p?
V@ —2) i VI ) <p.
for all 2 € R?. Therefore we get from the dominated convergence theorem that
E|

Observe that h, € C}HR?R) and 9,h, is valued in H, for all p > 1. Since the PDE
Lo,u = 0 is first order viable for H, we deduce from Proposition [4.1] that

£ NT
dehy (') =

2
uohp(X7") — 8:h(X7")

} — 0, as p— 0. (6.5)

Al € H, t<s<T, p>1, (6.6)

where (AP, AP) is the solution on [t,T] of the BSDE (4.2]) associated to the terminal
condition d,h,(X5%)T.

We get from (/6.5 and classical estimates on BSDEs that

E{ sup [ALT — AP

2
} — 0, as p—o0.
t<s<T

Since H is closed, together with the previous convergence imply that A%® is valued
in H.
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