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Abstract

This paper develops algorithms for high-dimensional stochastic control problems
based on deep learning and dynamic programming (DP). Dilerently from the classical
approximate DP approach, we brst approximate the optimal policy by means of neural
networks in the spirit of deep reinforcement learning, and then the value function by
Monte Carlo regression. This is achieved in the DP recursion by performance or hybrid
iteration, and regress now or later/quantization methods from numerical probabilities.
We provide a theoretical justibcation of these algorithms. Consistency and rate of
convergence for the control and value function estimates are analyzed and expressed
in terms of the universal approximation error of the neural networks. Numerical re-
sults on various applications are presented in a companion paper![2] and illustrate the
performance of our algorithms.
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1 Introduction

Let us consider the following discrete-time stochastic control problem over a Pnite horizon
N ! N\{0}. The dynamics of the controlled state procesX' = (X} ), valued in X " RY
is given by

Xt = F(XL'n,"ns1), n=0,...,N#1, X} =x0! RY, (1.1)

where (')n is a sequence of i.i.d. random variables valued in some Borel spacg,B(E)),
and debned on some probability space ((F,P) equipped with the Pltration F = (Fp)n
generated by the noise (n)n (Fo is the trivial #-algebra), the control ! = (! ), is an



F-adapted process valued inA " RY, and F is a measurable function fromRY$ RI$ E
into RY,

Given a running cost function f debned onR?$ R9Y, a terminal cost function g dePned
on RY, the cost functional associated to a control process$ is

N" 1
I = E[D FXpla)*+ oXn) |-
n=0

The set C of admissible control is the set of control processels satisfying some integrability
conditions ensuring that the cost functional J(! ) is well-debned and Pnite. The control
problem, also called Markov decision process (MDP), is formulated as

Vo(xo) = inf 3(1), (1.2)

and the goal is to bPnd an optimal control! ' ! C, i.e., attaining the optimal value: Vo(Xq)
= J(''). Notice that problem (-( may also be viewed as the time discretization
of a continuous time stochastic control problem, in which caseF is typically the Euler
scheme for a controlled dilusion process, andvp is the discrete-time approximation of a
fully nonlinear Hamilton-Jacobi-Bellman equation.

Problem (1.2) is tackled by the dynamic programming approach, and we introduce the
standard notations for MDP: denote by { P3(x,dx®, a! A, x ! X} , the family of transition
probabilities associated to the controlled (homogenous) Markov chainl), given by

Pa(xx,dxy = P[F(x,a"1)! dx¥

and for any measurable function$ on X:

Pa$(x) = /$(x$)Pa(x,dx$) = E[$(F(x,a,"1))].
With these notations, we have for any measurable function$ on X, forany ! ! C,
E[$(X;.1)Fn]l = P'"$(X;), %n! N.

The optimal value Vp(Xp) is then determined in backward induction starting from the
terminal condition

Wi(x) = g(x), x!X,
and by the dynamic programming (DP) formula, for n= N # 1,...,0:

Qn (X! a)
Vn(X)

f(x,a)+ PaV 41 (x), x!X ,al A,

I Q2. -

The function Qp, is called optimal state-action value function, andV, is the (optimal) value
function. Moreover, when the inbmum is attained in the DP formula at any time n by
al (x), we get an optimal control in feedback form given by:! ' = (a,(X}))n where X' =
X'" is the Markov process debned by

Xia = FXha(X)),"n+1), n=0,...,N#1, X, = xo.
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The DP has a probabilistic formulation: it says that for any control ! ! A , the value
function process augmented with the cumulative costs debned by

n"1
{Sh = Va(Xp)+ D F(Xy,'), n=1,...,N} (1.4)
k=0
is a submartingale, and a martingale for the optimal control! ! . This martingale property
for the optimal control is a key observation for our algorithms described later.

Remark 1.1 We can deal with state/control constraints at any time, which is useful for
the applications:

(X,\,'hn) ' S as., n! N,

where S is some given subset oRY$ RY. In this case, in order to ensure that the set of
admissible controls is not empty, we assume that the sets

A(x) = {a! RY: (F(x,a,"1),a)!S a.s.}
are non empty for all x | X , and the DP formula reads now as

Vn(x) = aLnAf(X) [f(x,@)+ P3Vhasr (X)], x !X .

From a computational point of view, it may be more convenient to work with unconstrained
state/control variable, hence by relaxing the state/control constraint and introducing into

the running cost a penalty function L(x,a): f(x,a) & f(x,a) + L(x,a), and g(x) &

g(x) + L(x, a). For example, if the constraint set S is in the form: S = {(x,a)! RY$ RY:
he(x,a)=0,k=1,...,p, k(x,a)" O0,k=p+1,...,q, for some functionshy, then one
can take as penalty functions:

p q
L(xa) = > mdhk(x,a)l>+ Y pwcmax(0,#hy(x,a)).
k=1 k=p+1

where Yk > 0 are penalization coe#cients (large in practice). O

The implementation of the DP formula requires the knowledge and explicit computa-
tion of the transition probabilites P2(x, dx%. In situations when they are unknown, this
leads to the problematic of reinforcement learning for computing the optimal control and
value function by relying on simulations of the environment. The challenging tasks from a
numerical point of view are then twofold:

1. Transition probability operator. Calculations for any x ! X , a! A of P3Vu41 (X),
forn =0,...,N # 1. This is a computational challenge in high dimensiond for the
state space with the Ocurse of dimensionalityO due to the explosion of grid points in
deterministic methods.

2. Optimal control. Computation of the inbmum in a! A of [f(x,a) + %PVy+1(X)]
for bxed x and n, and of &,(x) attaining the minimum if it exists. This is also a
computational challenge especially in high dimensiorg for the control space.
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The classical probabilistic numerical methods based on DP for solving the MDP are
sometimes called approximate dynamic programming methods, see e.q.| [4],[29], and consist
basically of the two following steps:

(i) Approximate at each time step n the Qp value function dePned as a conditional
expectation. This can be performed by regression Monte-Carlo (RMC) techniques
or quantization. RMC is typically done by least-square linear regression on a set of
basis function following the popular approach by Longsta! and Schwarz|[24] initiated
for Bermudean option problem, where the suitable choice of basis functions might be
delicate. Conditional expectation can be also approximated by regression on neural
network as in [19] for American option problem, and appears as a promising and
e#cient alternative in high dimension to the linear regression. The main issue in
the controlled case concerns the simulation of the endogenous controlled MDP, and
this can be overcome by control randomization as in/[17]. Alternatively, quantization
method consists in approximating the noise () by a discrete random variable on a
Pnite grid, in order to reduce the conditional expectation to a Pnite sum.

(i) Control search: Once we get an approximation X,a) () ®©n(x,a) of the Q, value
function, the optimal control @, (x) which achieves the minimum overa! A of Qn(x, a)
can be obtained either by an exhaustive search whei is discrete (with relatively
small cardinality), or by a (deterministic) gradient-based algorithm for continuous
control space (with relatively small dimension).

Recently, numerical methods by direct approximation, without DP, have been deve-
loped and made implementable thanks to the power of computers: the basic idea is to
focus directly on the control approximation by considering feedback control (policy) in a
parametric form:

an(x) = AX;&), n=0,...,N#1,

for some given functionA(., &) with parameters &= (&, ..., & 1) ! RPN and minimize
over &the parametric functional

N" 1
H& = E[Y FXNAK&)+ gXQ)|,
n=0

where (X})n denotes the controlled process with feedback control4(., &))n. This ap-
proach was brst adopted inl[211], who used EM algorithm for optimizing over the parameter
& and further investigated in [13], [6], [15], who considered deep neural networks (DNN) for
the parametric feedback control, and stochastic gradient descent methods (SGD) for com-
puting the optimal parameter & The theoretical foundation of these DNN algorithms has
been recently investigated in[[14]. Deep learning has emerged recently in machine learning
as a successful technique for dealing with high-dimensional problems in speech recognition,
computer vision, etc (see e.g.[[22], [9]). Let us mention that DNN approximation in stochas-
tic control has already been explored in the context of reinforcement learning (RL) (se€ [4]
and [30]), and called deep reinforcement learning in the artibcial intelligence community
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[26] (see alsol[23] for a recent survey) but usually for inPnite horizon (stationary) control
problems.

In this paper, we combine dilerent ideas from the mathematics (numerical probability)
and the computer science (reinforcement learning) communities to propose and compare
several algorithms based on dynamic programming (DP), and deep neural networks (DNN)
for the approximation/learning of (i) the optimal policy, and then of (ii) the value function.
Notice that this dilers from the classical approach in DP recalled above, where we brst
approximate the Q-optimal state/control value function, and then approximate the opti-
mal control. Our learning of the optimal policy is achieved in the spirit of [13] by DNN,
but sequentially in time though DP instead of a global learning over the whole period
0,...,N # 1. Once we get an approximation of the optimal policy, and recalling the mar-
tingale property (, we approximate the value function by Monte-Carlo (MC) regression
based on simulations of the forward process with the approximated optimal control. In
particular, we avoid the issue ofa priori endogenous simulation of the controlled process in
the classicalQ-approach. The MC regressions for the approximation of the optimal policy
and/or value function, are performed according to dilerent features leading to algorithmic
variants: Performance iteration (PI) or hybrid iteration (HI), and regress now or regress
later/quantization in the spirit of [24]/or [8]! Numerical results on several applications are
devoted to a companion paperl[2]. The theoretical contribution of the current paper is to
provide a detailed convergence analysis of our three proposed algorithms: Theorém 4.1 for
the NNContPI Algo based on control learning by performance iteration with DNN, Theo-
rem|[4.3 for the Hybrid-Now Algo based on control learning by DNN and then value function
learning by regress-now method, and Theorerh 4]3 for théfybrid-Later@ Algo based on on
control learning by DNN and then value function learning by regress later method com-
bined with quantization. We rely mainly on arguments from statistical learning and non
parametric regression as developed notably in the book [12], for giving estimates of ap-
proximated control and value function in terms of the universal approximation error of the
neural networks.

The plan of this paper is organized as follows. We recall in Section|2 some basic results
about deep neural networks (DNN) and stochastic optimization gradient descent methods
used in DNN. Section[3 is devoted to the description of our three algorithms. We analyze
in detail in Section |4 the convergence of the three algorithms. Finally the Appendix collect
some Lemmas used in the proof of the convergence results.

2 Preliminaries on DNN and SGD

2.1 Neural network approximations

Deep Neural networks (DNN) aim to approximate (complex non linear) functions debned on
Pnite-dimensional space, and in contrast with the usual additive approximation theory built
via basis functions, like polynomial, they rely on composition of layers of simple functions.
The relevance of neural networks comes from the universal approximation theorem and the
Kolmogorov-Arnold representation theorem (seel[20],.[5] o [16]), and this has shown to be
successful in numerous practical applications.



We consider here feedforward artibcial network (also called multilayer perceptron) for
the approximation of the optimal policy (valued in A " RY) and the value function (valued
in R), both debned on the state space&X " RY. The architecture is depicted in Figure@,
and it is mathematically represented by functions

X! X #® $z;8 ! R,

with o = gor 1 in our context, and where&! %" RP are the weights (or parameters) of
the neural networks. The DNN function $ = $ | with input layer $ o = ($ )i = x ! X
composed ofd units (or neurons), L # 1 hidden layers (with layer ' composed ofd- units),
and output layer composed ofd, = 0 neurons is obtained by successive composition of
linear combination and activation function #. (that is a nonlinear monotone function like
e.g. the sigmoid, the rectibed linear unit ReLU, the exponential linear unit ELU, or the
softmax):

$ = #HWSmq1+ () ! RY =1L,

for some matrix weights (w-) and vector weight ((+), aggregating into &= (w-, (*)+=1 L.
A key feature of neural networks is the computation of the gradient (with respect to the
variable x and the weights & of the DNN function via a forward-backward propagation
algorithm derived from chain rule composition. For example, for the sigmoid activation
function #.(y) = 1/(1+ €'Y), and noting that #¥= # (1# #.), we have

Pinh = [W")f;"l]ﬁi(l#soi-), ‘=1, Li=1,....d j=1,....d

while the gradient w.r.t. &of K(& = K ($(.; &), for a real-valued di'erentiable function
y ! R () K(y), is given in backward induction by

& = [)X;]i&i(l# $), '=1L,....,1,i=1,...,0
. . . de o
[))\:"]ij = S, B(K]. =& [)ifl]j = ;&kwl", j=1,...,dw .

We refer to the online book [27] for a gentle introduction to neural networks and deep
learning.

2.2 Stochastic optimization in DNN

Approximation by means of DNN requires a stochastic optimization with respect to a set
of parameters, which can be written in a generic form as

inf E[Ln(Zn:8)], (2.1)

where Z,, is a random variable from which the training samplesZ,ﬁm), m=1,...,M are
drawn, and L, is a loss function involving DNN with parameters & ! RP, and typically

dilerentiable w.r.t. & with known gradient DyL,.
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Figure 1: Representation of a neural network withd = 3, 2 hidden layers, d; = d» = 4, d3
=1.

Several basic algorithms are already implemented inTensorFlow  for the search of
inPmum in 2.1). Given a training sample of sizeM , in all the following cases, the sequence
(&)kun tends to & = argmin E[Ln(Zn ; &)] under suitable assumptions on the learning rate

#

sequence (k)& .

¥ Batch gradient descent: (compute the gradient over the full training set). Fix an
integer K, and do

M
gl = gﬁ#(kMiZD#Ln(Zﬁlm);@ﬁ), fork=1,....K.
m=1

The main problem with the Batch Gradient Descent is that the convergence is very
slow and also the computation of the sum can be painful for very large training sets.
Hence it makes it very stable, but too slow in most situations.

¥ Stochastic gradient descent (SGD): (compute the gradient over one random instance
in the training set)

&M = &M # (mDuln(Zi™; &), m=1,...,M # 1.

starting from & ! RP, with a learning rate (. The Stochastic gradient algorithm
computes the gradient based on a single random instance in the training set. It is
then a fast but unstable algorithm.

¥ Mini-batch gradient descent: (compute the gradient over random small subsets of
the training set, i.e. mini-batches) let Mb be an integer than dividesM . Mb stands
for the number of mini-batches and should be taken much smaller thanM in the
applications.
For all k,...,Mb,

M
b Randomly draw a subset( ,ﬂk’m)) o

D iterate: &*! = & # (kM:H STV DL (ZE™; &).

1 . . ..
. of sizeMy+1 1= & in the training set.
m=
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The mini-batch gradient descent is often considered to be the best trade-o! between
speed and stability.

The three gradient descents that we just introduced are the brst three historical algo-

rithms that has been designed to learn optimal parameters. Other methods such as the
Adaptive optimization methods AdaGrad, RMSProp, and bPnally Adam are also available.
Although not well-understood and even questioned (see e.g. [31]), the latter are often cho-
sen by the practitioners to solve ) and appear to provide the best results in most of the
situations.
For sake of simplicity, we only refer in the sequel to the stochastic gradient descent method,
when presenting our algorithms. However, we recommend to test and use dilerent algo-
rithms in order to know which are the ones that provide best and fastest results for a given
problem.

3 Description of the algorithms

We propose algorithms relying on a DNN approximation of the optimal policy that we
compute sequentially in time through the dynamic programming formula, and using perfor-
mance or hybrid iteration. The value function is then computed by Monte-Carlo regression
either by a regress now method or a regress later joint with quantization approach. These
variants lead to three algorithms for MDP that we detail in this section.

Let us introduce a setA of neural networks for approximating optimal policies, that is
a set of parametric functionsx ! X () A(x;*) ! A, with parameters * | R', and a setV
of neural networks functions for approximating value functions, that is a set of parametric
functions x ' X () $(x;& ! R, with parameters &! RP.

We are also given at each timen a probability measure y, on the state spaceX, which
we refer to as a training distribution. Some comments about the choice of the training
measure are discussed in Sectidn 3.3.

3.1 Control learning by performance iteration

This algorithm, refereed in short as NNcontPI Algo, is designed as follows:

¥Forn= N#1,...,0, we keep track of the approximated optimal policiesaj, k = n +
1,...,N # 1, and approximate the optimal policy at time n by &, = A(.;%,) with

9, | argminE
$#R!

N" 1
F(Xn, AXns* )+ D 008, &(0%)) + g(ﬁﬁ)], (3.1)

k=n+1

where X, ~ tn, %, = F(Xn, A(Xn;*),"ns1) ~ PAX®) (X dx9, and for k = n +
L. N#1,05 = FORS, 8, (02)," 1) ~ PERI(RS dx3. Given estimate &' of &,
k=n+1,...,N# 1, the approximated policy &, is estimated by using a training sample
(XA™, CEDIEN ) m =1, M of (X, (e )EN 1) for simulating (X, (88, N 1),
and optimizing over the parameters* ! R' of the NN A(.;*) ! A , the expectation in )

by stochastic gradient descent method (or its variants) as described in Sectior (2.2).
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» We then get an estimate of the optimal policy at any timen =0,...,N # 1 by:
al = Ay 1A

where M is the Ooptimal® parameter resulting from the SGD in l) with a training
sample of sizeM . This leads to an estimated value function given at any timen by

N" 1
OV (x) = Em | D FORY* & B+ g(B™) |, (3.2)

k=n

where Ey, is the expectation conditioned on the training set (used for computing(('ail“(’I )k),

and ()@E’X>k ,» is given by: BN = x, R0X s pEORET) (R0X dx®, k= n,... N#1.
=n

.....

The dependence of the estimated value functior\?n'\’I upon the training samplesxlﬁm), for
m=1,...,M, used attimek = n,...,N, is emphasized through the exponentM in the
notations.

Remark 3.1 The NNcontPI Algo can be viewed as a combination of the DNN algorithm
designed in|[[18] and dynamic programming. In the algorithm presented iri [13], which totally
ignores the dynamic programming principle, one learns all the optimal controlsA(.;*), n
=0,...,N # 1 at the same time, by performing one unique stochastic gradient descent.
This is e#cient as all the parameters of all the NN are getting trained at the same time,
using the same mini-batches. However, when the number of layers of the global neural
network gathering all the NN A(.;*n), n=0,...,N# 1is large (sayzr'}'zuol 'n' 100, where
"n is the number of layers inA(.,*n)), then one is likely to observe vanishing or exploding
gradient problems that will alect the training of the weights and biais of the brst layers
of the global NN (see [[7] for more details). Therefore, it may be more reasonable to make
use of the dynamic programming structure whenN is large, and learn the optimal policy
sequentially as proposed in ourNNcontPI Algo. Notice that a similar idea was already
used in [11] in the context of uncertain volatility model where the authors use a specibc
parametrization for the feedback control instead of a DNN adopted more generally here.

O

Remark 3.2 The NNcontPI Algo does not require value function iteration, but instead is
based on performance iteration by keeping track of the estimated optimal policies computed
in backward recursion. The value function is then computed in ) as the gain functional
associated to the estimated optimal policies &' ). Consequently, it provides usually a low
bias estimate but induces possibly high variance estimate and large complexity, especially
when N is large. O

3.2 Control learning by hybrid iteration

Instead of keeping track of all the approximated optimal policies as in theNNcontPI Algo,
we use an approximation of the value function at timen+1 in order to compute the optimal
policy at time n. The approximated value function is then updated at time n by relying
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on the martingale property (@) under the optimal control. This leads to the following
generic algorithm:

Generic Hybrid Algo
1. Initialization. Wy = g
2. Forn=N#1,...,0,
(i) Approximate the optimal policy at time n by &, = A(.;%,) with

8, arg min E | (Xn, A(Xni*)) + Vet (XALS) } (3.3)

where X n ~ pn, 26%) = F(Xn, A(Xn:*), "ne1 ) ~ PAXZS) (X 1 dx3.

n+1

(i) Updating: approximate the value function by

%00 = E[fXn@(Xa)* $a(Xi)Xa=x].  (34)

The approximated policy &, is estimated by using a training sample (X m, gTi) m

=1,...,M of (X,,,",+1) to simulate (Xn,Xrﬁ(jﬁ, and optimizing over the parameters*

I R' of the NN A(.;*) I A , the expectation in ) by stochastic gradient descent method
(or its variants) as described in Section ). We then get an estimateay = A (.;Q’Y‘ )
The approximated value function written as a conditional expectation in ) is estimated
according to a Monte Carlo regression, either by a regress now method (in the spirit of [19])
or a regress later (in the spirit of [8] and [3]) joint with quantization approach, and this
leads to the following algorithmic variants detailed in the two next paragraphs.

3.2.1 Hybrid-Now Algo

Given an estimate @ of the optimal policy at time n, and an estimate@n'\ﬂl of Yhi1, we
estimate ¥, by neural networks regression, i.e.,

O 1 arg min EJf (o8 (X)) + Vil (Xl ) # $(Xn: 8| (3.5)
using samplesxX (™, X & (™ ‘m=1,...,M of Xy ~ pn, and X &7™ of X & . In other

words, we have
oM = 3 ( &Y‘) ,

where @" is the OoptimalO parameter resulting from the SGD in |(_315) with a training
sample of sizeM .
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3.2.2 Hybrid-LaterQ Algo

Given an estimate @' of the optimal policy at time n, and an estimate‘(?'n"fl1 of ¥y+1, the

regress-later approach for estimating?, is achieved in two stages: (a) we brst regress/interpolate
P /M
the estimated value 9M, (X f,’:l> at time n+1 by a NN (or alternatively a Gaussian pro-

cess) $(X ,?%11) (b) Analytical formulae are applied to the conditional expectation of this

5 M
NN of future values Xr?zl with respect to the present value X, and this is obtained by
quantization of the noise ('») driving the dynamics ([L.1) of the state process.

The ingredients of the quantization approximation are described as follows:

¥ We denote by "6a K -quantizer of the E-valued random variable "+1 ~ "1 (typi-
cally a Gaussian random variable), that is a discrete random variable on a grid ' =
{er,...,ex}" EK debned by

K
B = Proj.("1) = > elyuc,
=

where C1(), ..., Ck (") are Voronoi tesselations of ', i.e., Borel partitions of the
Euclidian space E, |.|) satisfying

c( " {e! E:le# el = _minK le# e,|}.

The discrete law of "6is then characterized by
p = Pb=e] = P! C(O], '=1,...,K

The grid points (e') which minimize the L?-quantization error *"; # ¢, lead to the
so-called optimal L-quantizer, and can be obtained by a stochastic gradient descent
method, known as Kohonen algorithm or competitive learning vector quantization
(CLVQ) algorithm, which also provides as a byproduct an estimation of the associated
weights (). We refer to [28] for a description of the algorithm, and mention that for
the normal distribution, the optimal grids and the weights of the Voronoi tesselations
are precomputed on the website http://www.quantize.maths-b.com

¥ Recalling the dynamics ), the conditional expectation operator is equal to
Ny 5 M
PEOW(X) = EW(XZ)IXn=x] = E[W(Fx & (x),"1))], x!X,

that we shall approximate analytically by quantization via:
PEOW(X) = E[W(F(x 8Y (x).9)] = D pW (F(x &Y (x),e)). (3.6)
"=1

The two stages of the regress-later are then detailed as follows:
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(@) (Later) interpolation of the value function: Given a DNN $(.;& on RY with para-
meters &! RP, we interpolate ‘@n'\ﬁ'rl by

Vit () = 8 (xi&ly),

where &%, is obtained via SGD (as described in paragraptb_Z]Z) from the regression

.. A M A M A M
of YM (X ;) against $ (Xr‘?zl;&>, using training samples X {™, X & (M m =

1,...,M of X;; ~ Hpn, and ngf{l’(m) Ofxgﬁ-

(b) Updating/approzimation of the value function: by using the hat operator in )
for the approximation of the conditional expectation by quantization, we calculate
analytically

K
VM) = fa)+ PEVM (x) = f(xa)+ > p$ (F(x @Y (x).e); & ).
"=1

Remark 3.3 Letus discuss and compare the Algos Hybrid-Now and Hybrid-LaterQ. When
regressing later, one just has to learn a deterministic function through the interpolation
step (a), as the noise is then approximated by quantization for getting analytical formula.
Therefore, compared to Hybrid-Now, the Hybrid-LaterQ Algo reduces the variance of the
estimate $M . Moreover, one has a wide choice of loss functions when regressing later, e.g.,
MSE loss function, L 1-loss, relative error loss, etc, while thel 2-loss function is required
to approximate of condition expectation using regress-now method. However, although
guantization is quite easy and fast to implement in small dimension for the noise, it might
be not e#cient in high-dimension compared to Hybrid-Now. O

Remark 3.4 Again, we point out that the estimated value function @n'\" in Hybrid-Now

or Hybrid-LaterQ depend on training samplesxlgm), m=1,...,M, used at timesk =
n,...,N, for computing the estimated optimal policiesa'ijl" , and this is emphasized through
the exponentM in the notations. O

3.3 Training sets design

We discuss here the choice of the training measung, used to generate the training sets on
which will be computed the estimations. Two cases are considered in this section. The prst
one is a knowledge-based selection, relevant when the controller knows with a certain degree
of conbdence where the process has to be driven in order to optimize her cost functional.
The second case, on the other hand, is when the controller has no idea where or how to
drive the process to optimize the cost functional.

Exploitation only strategy

In the knowledge-based setting, there is no need for exhaustive and expensive (in time
mainly) exploration of the state space, and the controller can directly choose training sets
' n constructed from distributions y, that assign more points to the parts of the state space
where the optimal process is likely to be driven.
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In practice, at time n, assuming we know that the optimal process is likely to stay in
the ball centered around the point m, and with radius r,, we choose a training measure
Un centered aroundm, as, for exampleN (my,r?2), and build the training set as sample of
the latter.

Explore brst, exploit later

¥ Fxplore first: If the agent has no idea of where to drive the process to receive large
rewards, she can always proceed to an exploration step to discover favorable subsets
of the state space. To do so, j, the training sets at time n, forn =0,...,N # 1,
can be built as uniform grids that cover a large part of the state space, op can be
chosen uniform on such domain. It is essential to explore far enough to have a well
understanding of where to drive and where not to drive the process.

¥ FExploit later: The estimates for the optimal controls at time t,, n =0,...,N # 1,
that come up from the Explore first step, are relatively good in the way that they
manage to avoid the wrong areas of state space when driving the process. However,
the training sets that have been used to compute the estimated optimal control are
too sparse to ensure accuracy on the estimation. In order to improve the accuracy,
the natural idea is to build new training sets by simulating M times the process using
the estimates on the optimal strategy computed from the Explore first step, and then
proceed to another estimation of the optimal strategies using the new training sets.
This trick can be seen as a two steps algorithm that improves the estimate of the
optimal control.

3.4 Some remarks

We end this section with some comments about our proposed algorithms.

3.4.1 Case of bnite control space: classibcation

In the case where the control spacd is bnite, i.e., Card(A) = L< + with A={as,...,a },
one can think of the optimal control searching task as a problem of classibcation. This
means that we randomize the control in the sense that given a state valug, the controller
choosesa+ with a probability p-(x). We can then consider a neural network that takes
state x as an input, and returns at each timen a probability vector p = ( p-)- with softmax
output layer:

exp(*-.z)
S, exp(*-.z)’

after some hidden layers. Finally, in practice, we use pure strategies given a state value
choosear () with

1

z (# S(@z~) =

=1,...,L,

100 1 arg, max p(x).

For example, the NNcontPI Algo with classibcation reads as follows:

14



¥ Forn=N#1,...,0, keep track of the approximated optimal policiesay, k = n +
1,...,N # 1, and compute

L N" 1
L argrrzsinE[Zp--(Xn;*)(f (Xn,a)+ Z f (R, 8 (Ry)) + g()@ﬁ,))},
o) k=n+1

where X ~ tn, ¥, = F(Xn,a,"ne), By = FOR, 8(8y), "ne1), for k =
n+1,... N#1,'=1,...,L.
¥ Update the approximate optimal policy at time n by

én(x) = 35, (x) with  9,(x) ! arg, max p-(x;9,).

3.4.2 Comparison of the algorithms

We emphasize the pros (+) and cons (-) of the three proposed algorithms in terms of bias
estimate for the value function, variance, complexity and dimension for the state space.

Algo Bias estimate | Variance | Complexity | Dimension | Number of
time steps N
NNContPI + - - + --
Hybrid-Now - + + + +
Hybrid-LaterQ - ++ + - +

This table is the result of observations made when numerically solving various control prob-
lems, combined to a close look at the rates of convergence derived for the three algorithms
in Theorems([4.1,[4.2 and 4]3. Note that the sensibility of the NNContPI and the Hybrid-
LaterQ algorithms w.r.t. the number of time steps N is clearly described in the studies of
their rate of convergence achieved in Theorens 4.1 arid 4.3. However, we could only provide
a weak result on the rate of convergence of the Hybrid algorithm (see Theore@.S), which
in particular does not explain why the latter does not suler from large value of N, unless
stronger assumptions are made on the loss of the neural network estimating the optimal
controls.

4 Convergence analysis

This section is devoted to the convergence of the estimato\@n"" of the value function V,
obtained from a training sample of sizeM and using DNN algorithms listed in Section|3.

Training samples rely on a given family of probability distributions p, on X, for n =
0,...,N, refereed to as training distribution (see Sectio for a discussion on the choice
of W). For sake of simplicity, we consider that 1, does not depend om, and denote then
by u the training distribution. We shall assume that the family of controlled transition
probabilities has a density w.r.t. , i.e.,

Pa(x,dx® = r(x,a;xYu(dxy.
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We shall assume thatr is uniformly bounded in (x,x%a) ! X 2$ A, and uniformly Lipschitz
w.r.t. (x,a), i.e.,

(Hd) There exists some positive constant$r*g and [r], s.t.

r(x,a;xy , * rrg, wx®1X , al A,
Ir(x1, a0 xY # r(xz,a2; x|, [l (X1 # xo| + |ar # az]), %1, x2!X , aj,ax! A.

Remark 4.1 Assumption |(Hd) |is usually satisped when the state and control space are
compacts. While the compactness on the control spacé is not explicitly assumed, the
compactness condition on the state spaceX turns out to be more crucial for deriving
estimates on the estimation error (see Lemmd 4|1), and will be assumed to hold true
for simplicity. Actually, this compactness condition on X can be relaxed by truncation
and localization arguments (see propositiofi A.[L in the appendix) by considering a training
distribution p such thatis true and which admits a moment of order 1, i.e. [ |y|du(y)
< ++ . O

We shall also assume some boundedness and Lipschitz condition on the reward functions:

(HR) There exists some positive constantsf *g , *g*s , [f],, and [f], s.t.

f(x,a)] , * f*e, |gX)|, * g, %&!X ,a! A,
If (X2, 21) # f(x2,@2)| , [l (X0 # X2 + [an # a2),
lo(x1) # g(x2)| , [gl X1 # X2,  %g,x2!X , a,a! A,

Under this boundedness condition, it is clear that the value functionV, is also bounded:

*Vn*e ., (N#n)*frg +*g*s, W !{ 0,..,N}.

We shall Pnally assume a Lipschitz condition on the dynamics of the MDP.
(HF) Foranye! E, there existsC(e) such that for all couples (x,a) and (x%a¥ in X $ A:
IF(x,a,e)# F(x%a%e)|, C(e) (Ix# xJ+ la# af).

In the sequel, we debne for an ! N':
%m = E [ sup C("m)] ,
rm' M

where the ("™)n, is a i.i.d. sample of the noise". The rate of convergence ofgy toward
inPnity will play a crucial role to show the convergence of the algorithms.

Remark 4.2 A typical example when|(HF) |holds is the case wherd- is debPned through
the time discretization of an Euler scheme, i.e., as

F(x,a,"):= b(x,a)+ #(x,a)",
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with b and # Lipschitz-continuous w.r.t. the couple (x,a), and " - N (0, l4), where I 4 is
the identity matrix of size d$ d. Indeed, in this case, it is straightforward to see that
C(™)=[blL +[#].*"*q4, where p]. and [#]_ stand for the Lipschitz coe#cients of b and #,
and *.*4 stands for the Euclidean norm in RY. Moreover, one can show that:

%, [ + d[#].\/2log(2dM), (4.1)

which implies in particular that

o Tia © (\/W) '

M (

Let us indeed check the inequality ). For this, let us Px some integeM $> 0 and let

Z = sup [|4'| where+ are ii.d. such that + - N (0,1). From Jentzen inequality to
'm M/
the r.v. Z and the convex functionz () exp(tz), wheret> 0 will be bxed later, we get

/

2

MZ E[exp £+ } , 2M $exp(t§),

m=1

exp(tE[Z]), E[exp(tZ)], E[ sup exp (L4 ]
T

where we used the closed-form expression of the moment generating function of the folded

normal distribution [f] to write the last inequality. Hence, we have for allt > 0:

Elz] | Iog(flvl 9

m_\

We get, after taking t = /2log(2M 9:
E[Z]. 2log(2M 9. 4.2)

Since inequality *x*y , d*x*g holds for all x ! RY, we derive

E

sup C("™)
rm M

, [ol + d[#]LE[ sup C(+")
T m' du

and apply (#.2) with M ¥= dM, to complete the proof of (4.1). 0

Remark 4.3 Under |(Hd) | |(HR) | and [(HF) | it is straightforward to see from the dy-
namic programming formula[1.3 that V, is Lipschitz for all n =0,...,N, with a Lipschitz
coe#cient [V,]L, which -can be bounded by the minimum of the two following bounds:

{[VN]L = [dl

Val, » [flL+ *Va*el[rle, forn=0,...,N#1

and

Wit = [dk
A 9 & "4 of forn=0,... N#1
nl o g [Ql., forn=0,..., :
#The folded normal distribution is d.eﬁned as the dlStrlEuthH of (J/Zgj‘ wheye Z Iﬂl(p# . It§ mom%?t&

generating function is given by t B exp o t + ut 1 —® —£—-1t Jexp "2’5 —ut 1-@ £t
where ® is the c.d.f. of N71(0,1).

)
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which holds since we have by standard arguments:

Wl = [dl
Mnl, » [flL + %[Vhealt forn=0,...,N# 1L

= pforp! N and x = 0. The Lipschitz
continuity of V, plays a signibcant role to prove the convergence of the Hybrid and the
LaterQ algorithms described and studied in section$ 4]2 anfl 4]3. O

4.1 Control learning by performance iteration (NNcontPI)

In this paragraph, we analyze the convergence of the NN control learning by performance
iteration as described in Section 3.1. Actually, we shall consider neural networks for the
optimal policy with one hidden layer, K neurons with total variationEsmaIIer than (, kernel
bounded by, , Relu activation function for the hidden layer, and activation function # for
the output layer (in order to ensure that the NN is valued in A): this is represented by the
parametric set of functions

Al = {x!xo ACG*) = (A10G*), ... Ag(x;*)) | A,

K
Ai(x;*) = #A<ZCij (& .x+ by )+ + COj)! i=1,...,q,

j=1

K
* = (ay,by,Gi)ij, & ! RY* e, L byLG R G|, (},
i=0

where * .* is the Euclidean norm in RY.

Let Ky, ,m and (m be sequences of integers such that

KMW& + (M##?& : ,M#ﬁ?&

A" (N, /|09(|V| #‘? (43)
&

We denote by Ay = m(k% the class of neural network for policy with norm, \y on the
kernela = (& ), KM neurons and norm(y that satisfy conditions (.

Remark 4.4 In the case whereF is debPned in dimensiond as: F(x,a,") = b(x,a) +
#(x,a)", we can use[(4]L) to bound’, " and get:

|

PThe total variation for the class of NN A} is equal to ' |C;;| with the notations above. See e.g. [1]
for a general definition.
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Recall that the approximation of the optimal policy in the NNcontPI algorithm is
computed in backward induction as follows: Forn = N # 1,...,0, generate a training
sample for the statexr(]m), m=1,...,M from the training distribution p, and samples of

H n MrN
the exogenous noisg"") " _ .-

¥ Compute the approximated policy at time n

gy ! argmin >, [f XA, AX ™)) + WTB'A} (4.4)
A#A N
where
) A N“1 A A A
e B () ).
k=n+1
with (X {™*)*_ ., debned by induction as follows, fom=1,...,M:
A "
XA = (XA, ")
,A _ ’A ,A n —
XA = F(AEAAEY)R) fork=ne2, N,

¥ Compute the estimated value function®M as in @).

Remark 4.5 In order to simplify the theoretical analysis, we assume that the argmin in

(#.4) is exactly reached by running batch, mini-batch or stochastic gradient descent, which
are the methods that we used to code the algorithm in our companion paper. O

Remark 4.6 The minimization problem in (#.4) is actually a problem of minimization
over the parameter* (of the neural network A) of the expectation of a function of noises
XM, ("E‘)mﬂ,kmu and *, where F is iterated many times. Stochastic-gradient-
based methods are chosen for such a task, although the gradient becomes more and more
di#cult to compute when we are going backward in time, since there are more and more
iterations of F involved in the derivatives of the gradients.

The integrand is dilerentiable if assumption holds, but it is always possible to
apply the stochastic-gradient-based algoritm for certain classes of non-dilerentiable func-
tions F (see e.g. the gradient-descent implementation imfensorFlow  which works with

the non-dilerentiable at 0 ReLu activation functions.). O

We now state our main result about the convergence of the NNcontPI algorithm.

control problem with value function Vo, n =0,...,N, and let X, ~ 4. Then, asM )+ [

O &N—n—l( N—-n—11 N—n—2
EMOM (Xn) # Vo(Xn)] = Of —

( . )
+ sup inf E [JA(Xk) # aP (X ,
bR N 1 AHA | ( k) k ( k)l})

°The notation Xar = O(Yar) as M - oo, means that the ratio |Xas|/ |ya| is bounded as M goes to infinity.
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where E stands for the expectation over the training set used to evaluate the approxrimated
optimal policies (aﬁ" )n' k' N" 1, as well as the path (Xp)n k N controlled by the latter.
Moreover, asM )+ [3

Em [‘OnM (Xn) # Vn(Xn)] = Op (0/13/“ n" 1(|\N/| n"1 I\,\/ll n* 2 IOQMM

(4.7)

+ sup inf E
n' k' N" 1A#A

1A # &P (x| )
where Ep  stands for the expectation conditioned by the training set used to estimate the
optimal policies (é&" ' k' N"1-
&N—n—l( N—-n—11 N—n—-2 i i
Remark 4.7 1. The term X EA v should be seen as the estimation error. It
is due to the approximation of the optimal controls by means of neural networks inAy
using empirical cost functional in (@) We show in section that this term disappears
in the ideal case where the real cost functional (i.e. not the empirical one) is minimized.
2. The rate of convergence depends dramatically oMN since it becomes exponentially
slower whenN goes to inbnity. This is a huge drawback for this performance iteration-
based algorithm. We will see in the next section that the rate of convergence of value
iteration-based algorithms do not su'er from this dramatical dependence onN . |

Comment : Since we clearly haveV, , ‘OnM, estimation @) implies the convergence

in L1 norm of the NNcontPI algorithm, under condition (, and in the case where

Supy ¢ n infasa , E[JAXK) # P (Xk)I] W . 0. This is actually the case under some
+

regularity assumptions on the optimal controls, as stated in the following proposition.

Proposition 4.1  The two following assertions hold:

1. Assume that ap” (Xi) ! LY(W) fork=n,..,N # 1. Then

su inf E[JA(Xy) # a®® (X 0. 4.8
.S .e-le#AM [AX k) # a” (Xi)l] W% (4.8)

2. Assume that the function <’3.(k)|ot is C-Lipschitz for k= n,...,N # 1. Then

' opt (m " 20/ (@+D) (m " (d+3) / (2d)
sup inf CE[AX# " (X)) <c( . ) |0g< v >+(MKM |
(4.9)

Proof. The Prst statement of Proposition[4.] relies essentially on the universal approxima-
tion theorem, and the second assertion is stated and proved in[1]. For sake of completeness,
we recall the details in Section A.5 in the Appendix. O

$ %
4The notation Xar = Op(yar) as M — oo, means that there exists ¢ > 0 such that P |[Xas| > c|ya| — 0

as M goes to infinity.
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Remark 4.8 Note that the second statement in the above proposition is stronger than the
Prst one since it provides a rate of convergence of the approximation error. Fixingy and
minimizing the r.h.s. of over (w, results in

[IAX ) # a2 (X )] <cK;,,5<1+ d;dl log (KM)),

sup inf E
n' k' N" 1A#A u

d+1
when we take(y = cK,/* . Hence, for such a value of v, the L.h.s. decreases to 0 with
rate proportional to leg(K rs)/ )iKTp O

The rest of this section is devoted to the proof of Theorenj 4J1. Let us introduce some
useful notations. Denote by AX the set of Borelian functions from the state spaceX into
the control spaceA. Forn=0,...,N # 1, and given a feedback control (policy) represented

.....

associated to the policy Ax)x. Notice that with this notation, we have ‘On’\" =
We debne theestimation error at time n associated to the NNContPI algorithm by

L MyN—1
r(]ak Vk—n

M
. 1 . A (@M
B = osup [ Y [P AGEM) + A # By 907
m=1

P
Xn]|.
A#A

with X, ~ W: It measures how well the chosen estimator (e.g. mean square estimate) can
approximate a certain quantity (e.g. the conditional expectation). Of course we expect the
latter to cancel when the size of the training set used to build the estimator goes to inPnity.
Actually, we have

Lemma 4.1 Forn=0,...,N# 1, we have

(N # n)*f*g + *g*g )
™
16(u o ERTT A ) T
+ .M{[f]L <1+ Y o (L7 0 () (4.10)
+(1+AMM)““"%MWMh}

oN"Nn"1/N"n"1 N"n" 2
:C)</IR\"I (MM,M ), as M ) +

ergrsl, (Z2+16)

This implies in particular that

is defined in|(HF) |

where we remind that %y = E [ sup C("™)
I'm M
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Proof. The relation (4.10) states that the estimation error cancels whenM ) +  with a

&NﬂananQ

rate of convergence of ordeo( Cay = M ) The proof is in the spirit of the one

that can be found in chapter 9 of [12]. It relies on a technique of symmetrization by a ghost
sample, and a wise introduction of additional randomness by random signs. The details
are postponed in Sectiorf A.3 in the Appendix. The proof of [(4.11) follows from[(4.10) by

a direct application of Markov inequality. O

Let us also debne theapprozimation error at time n associated to the NNContPI algo-
rithm by
napprox = inf EM [Jr'? (a )k n+1(X ) ian EM [Jr? (a )k n+1(x ) (412)
AH#A

Pl,n AHA 1

where we recall that Ey; denotes the expectation conditioned by the training set used to
compute the estimates &' )y ., and the one ofXp ~ L.

"B measures how well the regression function can be approximated by means of neural
networks functions in Ay (notice that the class of neural networks is not dense in the set

AX of all Borelian functions).

Lemma 4.2 Forn=0,...,N# 1 it holds asM )+ |

approx O/a " 1 |\,\/I| 2 : opt
S — v osup it ElIAGG) # 2l (X))
(4.13)

This implies in particular

- W " log(M

M n k' N 1A#A A
(4.14)
Proof. See Sectior] A}t in Appendix for the proof of [(4.18). The proof of [(4.14) then
follows by a direct application of Markov inequality. O

Proof of Theorem 4.1
Step 1. Let us denote by

M
et = LSl (. o) + 90|

m=1

the empirical cost function, from time n to N, associated to the sequence of controls
(A, (ak )k nel ,HN « 1) and the training set, where we recall that?rff'l) A is debned in |(4_.45).
We then have

N-1

Ew [0 (Xn)] = Ew [38875 (x5 4 D

. (3 MYN—
’ ..g?t)n + ‘pr(fl\ljl )Ic:n, (4.15)
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by depnition of M and " . Moreover, for any A 1A y,

A, M N:l A oM N:l A, M N:l A, 5 M N:l
Jj:"\;ak )kfnJrl - \}f"\;ak )k7n+l # EM [Jn (ak )k7n+1(xn)i| + EM [Jn (ak )k7n+1(xn):|

X A, @M N:l
LB+ B [0 . (4.16)
Recalling that
A (aMyN—1
a¥ = argmin Jf,\fla’“ Jizns
A#A

and taking the inPmum over Ay, in the Lh.s. of (4.16) prst, and in the r.h.s. secondly, we
then get

0 é]W)N:_nI nesti H A’ (éﬁi)]kvgn1+1
W e it Ew (3 (Xn)]

Plugging this last inequality into (4.15) yields the following estimate

(M ; A, (égl)g:inl-u nesti 4.17

Ev 9 (Xn)] # infaga ,, Em [ n (Xn)} . 2"Bhn- (4.17)
Step 2. By debnition ) of the approximation error, using the law of iterated conditional
expectations forJ,, and the dynamic programming principle for V,, with the optimal control
adPt at time n, we have
H A, (éljy)]k\r:_nlJrl
inf  Ewm [Jn (Xn)} # Em [Vn(Xn)]
A#HA o

@

) _ Ji
= "Ee inf Ew {1 (X, A + ER[S (Xnaa)]}

# En [f (X, 8 O60)) + ER [Voea (Xna)] |
wapprox aoPt [ @l
v Pln T Em Eq” {Jn+1 T (Xn+1) # Vi (Xn+1)},
where EA[.] stands for the expectation conditioned by X, at time n and the training set,

when strategy A is followed at time n. Under the bounded density assumption inf(Hd) |
we then get

, A @0
inf EM [Jn (Xn)] # EM [Vn(xn)]
A#HA
" (él\/f)Nfi’"«l
e e [ B9 # Vi (690
wapprox

» P t 'T*& Em [@n,\ﬂl (Xn+1) # Vha (Xn+1)}, with Xn+1 - W (4.18)

Step 3. From (4.17) and (4.18), we have

A (a8}

Em [9M (Xn) # Va(Xn)] = Em [OM (Xn)] # AHM Em [In /I)’J“V;‘l“(xn)]}

+oint Ew 00O (X )T # En Va(X0)]
T M n n M LVn n
’ 2||S?t’|n + ||Ia3FI)’pr:'0X

+ *rég Ey [\f?'n“ﬂl (Xns1) # Visa (xnﬂ)}. (4.19)

23



By induction, this implies

N" 1

Eu (9 X # VO] Y (278 ")

k=n
Use the estimations [4.11) for"gf", in Lemma [4.1, and [4.14) for"Z{7 in Lemma 4.2,
and observe that¥,(Xn) ' Va(X,) holds a.s., to complete the proof of |(4_.17). Finally, the
proof of (4.6) is obtained by taking expectation in (4.19), and using estimations[(4.10) and
®13). 0

4.2 Hybrid-Now algorithm

In this paragraph, we analyze the convergence of the hybrid-now algorithm as described in
Section[3.2.1. We shall consider neural networks for the value function estimation with one
hidden layer, K neurons with total variation (, kernel bounded by, , a sigmoid activation
function # for the hidden layer, and no activation function for the output layer (i.e. the
last layer): this is represented by the parametric set of functions

K
Ve o= {x!xo $(x;8 = Y c#(ax+h)+ c,
i=1

K
&=(a,b,G), *a*, . bi! R Y lal, (}.
i=0
Let ,m, Km and (pm be integers such that:

+ ++ K +
’("\‘/I W?&( ) | (('ZI&QM &l (M) | " W& |
(3K ar log(M) 0 Gr&y' 3y 10g(M) 0
M W& ’ M W& '

where we remind that %y is debned in(HF)

In the sequel we denote by = W,ﬁ”}f{ the space of neural networks for the estimated
value functions attime n =0,...,N # 1, parametrized by the values, v, (v and Ky, that
satisfy (4.20). We also consider the clas#\m of neural networks for estimated feedback
optimal control at time n = 0,...,N # 1, as described in Sectiof 4]1, with the same
parameters, m, (m and Ky .

(4.20)

Recall that the approximation of the value function and optimal policy in the hybrid-
now algorithm is computed in backward induction as follows:
¥ Initialize Y = g
¥ Forn= N#1,...,0, generate a training sampleX r(]m), m=1,...,M from the training
distribution p, and a training sample for the exogenous noiséﬁ,”:i, m=1,...,M.

(i) compute the approximated policy at time n

M

) 1 5 A
a1 argmin - > [F O™, AXEM)) + 0M (X

AEA =

where X (M = F(x M AX ™), "My pAKI™) (X ™ dx9,

v n+l
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(i) compute the untruncated estimation of the value function at time n

vM o argmln—z [f (X (M g4 (X (M) + 9M (x M8y 4 g x (m)]?
VHV

and set the truncated estimated value function at timen

9M = max (min (VM *Vo*g ), #* Vo*g ) (4.21)

Remark 4.9 Notice that we have truncated the estimated value function in (4.21) by
an a priori bound on the true value function. This truncation step is natural from a
practical implementation point of view, and is also used for simplifying the proof of the
convergence of the algorithm. The conditions in [(4.20) for the parameters are weaker than
those required in ) for the NNcontPI algo by performance iteration, which implies a
much faster convergence w.r.t. the size of the training set. However, one should keep in
mind that unlike the performance iteration procedure, the value iteration one is biased
since the computation of @M, (XA, ) are biased future rewards when decisior\ is taken
at time n and estimated optimal strategies are taken at timek ' n+ 1. O

We now state our main result about the convergence of the Hybrid-Now algorithm.

Theorem 4.2  Assume that there esxists an optimal feedback control (ack)pt)kzn ,,,,, N" 1 for

the control problem with value function Vi, n = 0,...,N, and let X, ~ W. Then, as
M) ++

EM |‘9nM (xn)# Vn(xn)l} = Op(( ,@IKMIOQ(M)>M+ <(M O/ﬁll’ |Og(M)>4(N n)

7)

where Ey  stands for the expectation conditioned by the training set used to estimate the

+ n'Sllpr |nf (EM [|$(Xk) # Vk(xk)lz])

a1, (£l o)

(4.22)

optimal policies (aﬁ" )n' k' N" 1-
Comment: Theorem states that the estimator for the value function provided by
hybrid-now algorithm converges in L1() when the size of the training set goes to inbnity.
1
Note that the term ((,f‘,, W) “7" stands for the estimation error made by esti-
1

2 12 A(N—n)
mating empirically the value functions using neural networks, and( (y, %IOQ(M) )
stands for the estimation error made by estimating empirically the optimal control using

neural networks. The term sup . ch/f \/E[|$(Xk) # V(X k)|2} stands for the approxi-
n" k' N - M
mation error made by estimating the value function as a neural network function inVy,
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and sup ALr/lf E[|A(X k) # aﬁpt (X k)|} is the one made by estimating the optimal control
n'" k' N M
as a neural network function in Ay .
In order to prove Theorem[4.2, let us Prst introduce the estimation error at timen
associated to the Hybrid-Now algorithm by

1
M

westi  ._
HN,n == Sup

M
SO A + A
A#A

m=1

# Efin, [F X0 A + O (X )|

where
Qn(Tl)'A S A (X rETl)A)
and X (WA = F (x,ﬁm),A(x,ﬁm)),"ml).
We have the following bound on this estimation error:

Lemma 4.3 Forn =0,...,N # 1, it holds:

: " 2+16)((N # n)*f*g + *g*g ) + 16][f % 2
E["ﬁsl\tjln] ’ ( )(( ) 7& g &) [ ]L +16 M.lMi(M
’ M M
0 2
= 0 (”"M(M> (4.23)
M (& M
Proof. See Sectioni A.p in Appendix. O

Remark 4.10 The result stated by lemmal4.3 is sharper than the one stated in Lemma
for the performance iteration procedure. The main reason is that we can make use of
the (wm , m -Lipschitz-continuity of the estimation of the value function at time n + 1. O

We secondly introduce the approximation error at time n associated to the Hybrid-Now
algorithm by

W=t Ew [f (Xn, A(Xn)) + ?n’il] # inf Ew {f (X, A(Xn)) + x’a'nﬁl],

where 94, = OM, (F (Xn,A(Xn), "n+1))-
We have the following bound on this approximation error:

Lemma 4.4 Forn =0,...,.N# 1, it holds:
"Hn s [+ *Vas e [l inf Ew [JA(Xa) # 807 (X))

(4.24)
+2*%g E |

Viaez (Xnea) # Oy (e )|
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Proof. See Sectionf A.J in Appendix. O

Proof of Theorem 4.2

Observe that not only the optimal strategy but also the value function is estimated at each
time step n = 0,...,N # 1 using neural networks in the hybrid algorithm. It spurs us to
introduce the following auxiliary process (@M )N_, debned by backward induction as:

‘@NM (X)
M (x)

and we notice that forn = 0,...,N # 1, ¥M is the quantity estimated by ¥M .

g(x), forx!X,
f(x, &M (x)) + E[@,Ml(F(x, gV (x),"nﬂ))}, for x I'X |

Step 1. We state the following estimates: forn = 0,...,N # 1,
0, Ewm {\?’nM (Xn) # inf {f (Xn,8) + Efnx . [@n“il (xn+1)}} [ 220G mERPIOC (4,25)

and,

2

Ewm [\%M O # Inf {f (X0, 2)+ Bl [ (o)} (4.26)

y 2((N # n)*f *& + *g*&) (2"E|Sl\tli,n + lla[?\lprr?x) ’

where Ey nx ,, Stands for the expectation conditioned by the training set andX,,.
Let us Prst show the estimate [(4.25). Note that inequality
o (Xn) # inf {f (Xn @)+ Ed oy [@n“ﬁl (xnﬂ)}}' 0

holds becausealy cannot do better than the optimal strategy. Take its expectation to get
the Prst inequality in (#.25). Moreover, we write

B [B (X)), Ew [f (Xn 8l (X0) + 9y (x21)]

.ot Ey X A+ Oy (X )] + 2780,
which holds by the same arguments as those used to provg (4.17). We deduce that
Eu [ 0] inf Ew [f 0o A+ O (Ka)] + T + 2"
e i {00 [0 Oo) o]} 2

This completes the proof of the second inequality stated in{(4.25). On the other hand, not-

ing ]\%M (Xn) # inf {f <o, )+ E} [@Ml(xnﬂnxn}}‘ . 2((N # n)*f*¢ + *gg ) and
a;

applying (4.25), we obtain the inequality (4.26).
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Step 2. We state the following estimation: foralln!{ 0,...,N}

. log(M .

+ inf \/HA(Xn)# a (Xn)|

(Xn) # " (Xn) ||

A#AX
1

where* *\; , stands for theLP norm conditioned by the training set, i.e. *.*y p =£M [|.|p]) ?,
for p!{ 1,2}. The proof relies on Lemma[A.]1 and Lemmd A.2 (see Section A.8 in Ap-
pendix) which are proved respectively in[18] (see their Theorem 3) and [19].

Let us brst show the following relation:

Vn+l (Xn+1)# +1 (Xn+1)H )

(4.27)

Eu 19 0o) # B (<)) = Oe (i 50+ int 1800 # 8 X

(4.28)

For this, take -m = (% Km IOg(l\/l)

,and let - >- . Apply Lemma [A_[to obtain:
)

) M ] v2
/CM log (Nz(4(uM,{f #g:f !vM,MiZ () # g (ﬁA}’XgA)) N

M m=1

) y 12
, lo <N ( , VM, X )) du
/C2)/( 5 g e M X1

) U2 48e(f (Kw +1) Y
, / (4d+9)Ky +1) log du
c2)/( 12\/1

u

/ ) 12 (m vz
: (4d+9) Ky +1) [Iog (48e (Km +1)>} du
C2)/( IQM -

((@d+9)Ky +1)Y?[log (48e(f4 M (Ky +1))]"?

cs -v/Kwm/logM), (4.29)

where No(", V,x}") stands for the "-covering number of V on x}, which is introduced in

section|A.8, and where the last line holds since we assum )M 0. Since- >
_ ) A
-M = (K‘A 'Og('v') , we then have - Km +/logM) , (2 , which |mpI|es that (E 33)

holds by (4.29). Therefore, by appllcation of Lemmg A1, it holds:

Eu [ (o) # B (<)) = Oe (i 5+ int - E180Xe) # @Y (x0)F] ).

It remains to note that Ey [|@n'\" (Xn) # @M (Xn)ﬂ , Ewm [[\7"”’\" (Xn) # @M (Xn)ﬂ always
holds, and this completes the proof of|(4.28).
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Next, let us show

|nf H$(Xn)# ¥, (X”)HM 2

O((l%/l \/ M"' sup mf *$(Xn) # Va(Xn)*m 2
M n' k' N!# iy ’

Vet (Xnaa ) # Oy (Knen) | 2) .(4.30)

; t
+inf By [JAGK) # 8 (Xn)[] + |

For this, take some arbitrary $ !V y and split

0t SOG) # B X0 [y 00 *80X) # Ve (K)o [V OXn) # B (X -

(4.31)
To bound the last term in the r.h.s. of (¢.31), we write
IVa(Xn) # B (Xn) |y ‘vn(xn)# inf {f (Xn,@)+ Efy [0 (Xnea) [Xn] |
' a#A M, 2

+

int {f (Xn,a)*+ B [0 (Xnea) [Xa |} # B (X0)

M, 2

Use the dynamic programming principle, assumptior|(Hd) |and (4.26) to get:

HVn(Xn)# \@n'vI (XH)HM,Z e ‘

Vs (Xnea) # Oy (Xo) |

* \/2 (N # n)*f*g + *g*g ) <2 Bt "ﬁ‘iﬁ’fﬁx).
We then notice that

. 2
Viat (Xnet) # 9N, (xn+1)‘ . 26rrg (N # n)*f *g + *gtg )

Vasa (Xnsa) # Vs (Xnea)|

holds a.s., so that

[Va(Xn) # @ (Xn) ||y 5 \/Z*T*& (N # n)*f*g + *g* &)‘

Vn+1 (Xn+l)# n+1 (Xn+1)HM 1

2O ) (27 R,
and use Lemmg 4.4 to bound ¥’y By plugging into (#.31), and using the estimations in
Lemmas[4.3 and 4.4, we obtain the estimate[(4.30). Together with[(4.28), this proves the
required estimate (4.27). By induction, we get asM ) +

Ewm [l@nM (Xn) # Vn(xn)l} = OP(( ’\4/IKI\/I||3|9(M)> 2(N n) < /ﬁ/] I\:Iog(M)>4(N 7y

1

+ sup inf (Ew 18040 # MOXWIP])

n" k' N A#HA M

+ sup inf (E[|A(xk)# OP‘(xk)|D2<N ”>>,
which completes the proof of Theorenj 4.p. ]
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4.3 Hybrid-LaterQ algorithm

In this paragraph, we analyze the convergence of the Hybrid-LaterQ algorithm described
in Section[3.2.2.

We shall make the following assumption onF to ensure the convergence of the Hybrid-
LaterQ algorithm.
(HF-LQ) AssumeF to be such that:

1. (Estimation error Assumption) |(HF) |holds, i.e. for alle! E, there existsC(e) > 0
such that for all couples x,a) and (x%a% in X $ A:

IFx.a,")# F(x%a%")|, C(")(Ix# x3+ |a# aY).

Recall that for all integer M > 0, %y is debned as
%y = E[ sup C("m)},
r'm' M
where the (*™M)y, is a i.i.d. sample of the noise".

2. (Quantization Assumption) There exists a constant [F]_ > 0 such that for all (x,a) !
X $ A and all pair of r.v. (","9, it holds:

F(xa")# F(xa 92, [FLL*"# "%,

As for the hybrid-now algorithm, we shall consider neural networks for the value function
estimation with one hidden layer, K neurons with total variation (, kernel bounded by, ,
a sigmoid activation function # for the hidden layer, and no activation function for the
output layer (i.e. the last layer), which is represented by the parametric set of function
'V}(<. Let ,m, Km and (m be integers such that:

KMW& + o, (m + ,1MW& +

M (&
4.32)
0 > [log(M) (

In the sequel we denote bywy = 'W&ﬁf{ the space of neural networks parametrized by
the values, v, (m and Ky that satisfy (@). We also consider the classAy of neural

networks for estimated feedback optimal control at timen =0,...,N # 1, as described in
Section[4.1, with the same parameters v, (v and Ky .

Recall that the approximation of the value function and optimal policy in the Hybrid-
LaterQ algorithm is computed in backward induction as follows:

¥ Initialize Y = g

¥ Forn= N#1,...,0, generate a training samplex r(]m), m=1,...,M from the training
distribution p, and a training sample for the exogenous noiséf]”:i, m=1,...,M.
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(i) compute the approximated policy at time n

M

" 1 v A

af 1 argmin - YO [F (XM AX™) + O (X))
A#A M~

where X MA = F(x M A ™), * My pAXET) (x (™ dx9).

n+1l ' on+l
(i) compute an untruncated interpolation of the value function at time n+1

. . .. sM 72
Valy ! argming 3T M e # s ()] @ae)
: M

and set the truncated interpolation of the value function at time n +1
ViU = max (min (VM1 *Vas1*e ), #* Vit *e )

(i) update/compute the estimated value function

V) = f(xay (x)+ Zp Vi (F(x, 8 (x),e)),

where '§, is a L-optimal quantizer of ", on the grid {es,...,e } with weights
(P10 PL)-

Remark 4.11 1. It is straightforward to see that the neuronal network functions in Vy
are Lipschitz with Lipschitz coe#cient bounded by , v (v . We highly rely on this property
to show the convergence of the Hybrid-LaterQ algorithm.

2. Note that ( is an interpolation step. In the pseudo-code above, we decided to
interpolate the value function A using neural networks inVy by reducing an empirical
guadratic norm. However, we could have chosen other families of functions and other loss
criterion to minimize. Gaussian processes have been recently reconsidered to interpolate
functions, seel[25]. O

We now state our main result about the convergence of the Hybrid-LaterQ algorithm.

Theorem 4.3 Assume that there esxists an optimal feedback control (ack’pt)k:n ,,,,, N" 1 for
the control problem with value function V., n = 0,...,N. Take X ~ WU, and let Ly be a

sequence of integers such that

L ##?t + Yo ##?
M W le LV Ve

Take Ly points for the optimal quantization of the exogenous noise. Then, it holds as
M)+

. log(M ,
Em [anM(Xn)# Vn(xn)l]:OP<o/N/|1M(l\2/l g,\; )+ I,\_Alde
M
+ sup inf E[JA(Xk) # adP'(X
sup inf E[JAG) # &7 (X))

+ sup inf E[|$( Xk)# V(X k)|]> . (4.34)
n+l' k' N!#Vum

31



Comment: Theorem@, combined to Propositiod 4.]1, show that estimato@n'\" provided
by Hybrid-LaterQ algorithm is consistent, i.e. converges inL! toward the value function
V, at time n when the number of points for the regression and quantization goes to inbnity.

Remark 4.12 Note that the dimension d of the state space appears (explicitly) in the
quantization error written in (, as well as (implicitly) in the approximation errors
associated to the value functions and optimal control learning. See for exampld (4.9) for
an explicit dependence of the approximation error ond. O

In order to prove Theorem[4.3, let us introduce the estimation error at time n associated
to the Hybrid-LaterQ algorithm by

westi .
LQ,n = sup

M
1 ..

ST EE™, A ™)) + BIA
AHA 1 [( n ( n )) n+1 }

M

m=1

# E'le/I,n,X n [f (Xn, A(Xn)) + @n’\ﬂl (Xn+1)] ‘,

where $(MA = gM (X ,ﬁTl)A) and Ep) ,« [] stands for the expectation conditioned by
the training set and X, when decisionA has been taken at timen.

We have the following bound on this estimation error:

Lemma 45 Forn=0,...,N# 1, it holds:

. T 2+16)((N # n)*f*g + *g*g ) + 16[f 9 2
E[IIESQtIn] , ( )(( ) 7& g &) [ ]L +16 /ﬂ/llaMi(M
' M M
0 2
" o(W). (4.35)
Moreover,

B ['f8n] 5 © (%A,M(a \/'Og“(ﬂ“")). (4.30)

Remark 4.13 The result stated in Lemmal4.5 is the same as the one stated in Lemna 4.3
for the hybrid-now algorithm. This result can actually be proved using the same arguments,
so we omit the proof here. O

Next, we introduce the approximation error at time n associated to the Hybrid-LaterQ

algorithm by

=g B[ XA+ W] # ot B [f (X AC) + B,
where @A, := YM. (F (X, A(Xn),"n+1)).

We have the following bound on this approximation error, which is similar to the one
stated in Lemma[4.4 for the Hybrid-Now algorithm. The proof is similar and is thus omitted
here.
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Lemma 4.6 Forn =0,...,N # 1, it holds:
nwapprox : t
on o ([Flo+[r*Viea*a ) inf Ew [[A(Xn) # a3 (Xn)]]

) (4.37)
+ 2*r*g Em [Vn+1 (Xn+1) # Vn'\:l-l (Xn+1)H .
Proof of Theorem 4.B.
We split the L norm as follows:
[ oM oy Vx| L[ e, 438)
+ [P # Va1
where (M), is dePned as:
x) = 9(x)
UM (x) = f(x &) (x)+ Em [V (F(x &) (x),"n+1))], n=0,...,N# 1,

and (@°P"), is debned as:

) = g(x)
Pt (%) = inf aga {f (x,a) + Ey [V, (F(X,a,"n+1))]}, nN=0,...,N#1

Recall that *.*\yp, = (Em [|.|p])% stands for the LP-norm conditioned by the training set,
forp!{ 1,2}.
Step 1: The brst term in the r.h.s. of (4.38) is the quantization error. We show that

|

Denote by "F? = *‘On'\" (Xn) # @M (Xn)*p the LP-quantization error, for p ! { 1,2}. Since
viine js Lipschitz, for n 1{ 0,...,N}, with its Lipschitz coe#cient bounded by , (v, We
thus get:

PM # ¢M

(MlzoF,(’l“_”lSdM), asM )+ . (4.39)
’ M

"S = OV (Xn) # M (Xn)*2 . oM (M IFIL* Gt # "nea 2, (4.40)
from assumption|(HF-LQ) | Now, recall by Zador theorem about optimal quantization (see
[10]) that there exists some positive constantC such that

. 2 e n 2 _
i, (Hh ot d) =

By using Zador theorem in {4.40) and with inequality ? , "5, we obtain the bound )
for the quantization error.

Step 2: We show: asM )+

) . log(M .
‘Vg?lnc (Xn+1) # Vo (X”+1)HM - OP( gl\sl ! " !IQ\];M*SB(XnH) # Voir (Xn+1)*y 1
. 2
+ ‘vnﬂ (Xnet) # 9M (xn+1)H2). (4.41)
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Denote by

Ve (x () # Oty (x ()

M
IQ vtrunc — 1 § :
n+l n+1 M

m=1

the empirical quadratic risk, and by

Rn+1 (vrﬂulnc) = EM [ r}rflnc (Xn+1)# ‘on+1 (Xn+l)) :|

its associated quadratic risk. From the central limit theorem, we have

Boer (Vi) # Roea (V)
.7 ##f N (0, 1)
#mn+1 M M (&

where #y n +1 IS the standard variation conditioned by the training set, debned as

#M n+1 = Va.r M ( Vtrunc (X n+1) # ‘9n+1 (X n+1)‘ )

Use inequality VU (X ha1) # M (Xns1) . (N # n)*f*g + *g*g to bound #yn+1 by a
constant that does not depend onM , and get

M
Roen (V04 ) = op< oM, 23

m=1

Ve (X ) # 0 (x| )

which, after noticing that

M
i 2 1 , B 2
VR O # O O[T ST o) # 0 D[
m=1
implles:
log(M .
Riut <vntr+ulnc>=op< QI\SI )+!'Q\5M ‘$(X,(1T1) oM ( ﬁ{)]) (4.42)

Once again from the central limit theorem, we derive:

+ inf
eV

log(M . 2
gl\sl ) $(Xnt1) # ‘QTLJLL(XnJrl)H2

(4.43)

@LngM— ‘$(Xn+1 +1(Xn+1)‘ = Op (

Indeed, brst write

. (m) (m) log(M) .
P (! LQ/fM M ‘$(X”+1 Vnsa ( ”*1)‘ V M * !Ig\];M
log(M .
e \$(x,§T£ RC T (I
forall$ 'V v,

(i 3o fsoximr ot oS sty s xn).

m=1

$(Xne1) # 0Ny (xnﬂ)Hz)

$(Xni1) # Oy (xnﬂ)Hi)
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where $ = argmin

UHV o
get (4.43).
Plugging (4.43) into (4.42) leads to

. 2
’$(Xn+1) #9M (X n+1)H2. Then apply the Central limit theorem to

: log(M :
s (125°) = 0 (/50 ¢
: M

Apply the triangular inequality to Pnally obtain:

.. 2
$(Xni) # Oy (Xn+1)H2> .

. log(M .
Rn+1 ( nt:_u]t]c) = Op( g|\§| ) + ||2\1/:M*$(Xn+1)# Vh+1 (Xn+1)*§

|

.. 2
Vot (Xnaa) # Oy (Xn+1)H2>-

It remains to notice that

to obtain inequality (4.41).

Step 3: let us show

. 2
Voot (Xne1 ) # OM (xn+1)H2, (N # n# 1) f*g + *g*&)(

Vet (Xnea) # 903 (X))

M

)

H\@nM # ‘@noptHM,l ’ 2uﬁsti + uﬁpprox’

log(M .
anM#vnqu,fOP(%M’M(“Z” Ot Ak # o Xe)
(4.44)

+ |V (X 0) # Vi (X 1)

Note that once again it holds

which can be shown by similar arguments as those used to prove of inequality (4.25). It
remains to bound the estimation and approximation errors by using estimations|(4.36) and

(#37) to get @43)

Step 4: We show

[P (X n) # Vo (Xn) ||y 1+ * e ‘

V1 (Xne1) # Visa (Xne1) HM L (4.45)

+ *r*& ‘

VIE (Xnen) # O (Xne) |

where X n+1 - W. For this, denote by (‘@’n')(y n N the following auxiliary process:

Y (x) = 9x)
G0 = infaea {T @)+ Ev (O (F(xa "))}, n=0,. N#1
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and notice that we have under assumption(Hd)

[P X0) # V(X [y 1+ B (Xn) # B (X ) %\ (Xn) # Va(Xn)

|

M, 1 M, 1

, r*&‘

‘On’\f-l (Xn+1) # Vhe1 (X n+1)HM 1

+ *r*& ‘

VIS (Xnea) # 001 (o)

as stated in (4.45).

Step 5 Conclusion: By plugging (4.39), (4.44) and (4.45) into (4.38), we derive the following
bound for the I.h.s. of 44.38):

|

log(M)

.
V0" (Xn) # Vn(Xn) M

_ M (M 2
M1 OP<L§//|d+%M’M(M

+ !|2\];M*$(Xn+l) # Vhe1 (Xn+l )*M,l + AIQAT I HA(Xn) # aﬂp (Xn)HM’]_

|

By induction, we get forn=0,...,N # 1:

‘oth-l(Xn)#Vn+1(Xn+1)HMl), asM ) ++.

log(M)
M

VM (X1) # Va(Xn)

_ M (M 2
M,1_0P< Li‘/l/d +0/N/|1M(M

+ sup inf
n' k' N A#A M

A(X ) # a%Pt (X H
(Xk) k(k)M’1

+ sup inf *$(Xy) # Vik(Xi)*m 1 |
n+l' k' N!# ’

which is the result stated in Theorem[4.3. O

A Appendix

A.1 Localization

In this section, we show how to relax the boundedness condition on the state space by a
localization argument.

Let R > 0. Consider the localized state spac&% (0,R) := X /{* x*4q, R}, where*.*4
is the Euclidean norm ofRY. Let (38, .+ be the Markov chain debned by its transition
probabilities as

0

P()@n+1! O‘)@‘nz x,a)z /Or(x,a;y)d.ROu(y), forn=0,...,N# 1,

for all Borelian O in B’é( (0,R), where . g is the Euclidean projection of R on 3%( (0,R),
and . r O is the pushforward measure ofu. Notice that the transition probability of X
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admits the same densityr, for which [(Hd) |holds, w.r.t. . g Op.

Debne R), as the value function associated to the following stochastic control problem
for (38,)

0 n" N-°

YR(x) = g(x),

. Py (A.1)
YR(x) = ||n#1:C E Zf (®,!k)+g(®n)|, forn=0,...,N#1,

' k=n

forx ! B%(0,R). By the dynamic programming principle, (¥R), is solution of the following
Bellman backward equation:

B (x) = 9(x)
YR(x) = iz?#fA {f (x,a)+ E2 {‘@,ﬁl (.r(F(x,a, "n+1)))] } %! BX(O,R),

where, again,. r is the Euclidean projection on BZf (0,R).

We shall assume two conditions on the measurg.
(Hloc) u is such that:

E“.R(X)#XH% 0 and P(|X|>R)% 0, whereX - p.

Using the dominated convergence theorem, it is straightforward to see thagfHloc) | holds
if u admits a moment of order 1.

Proposition A.1  Let Xy - W. It holds:

1#* r*N" n
|07 (RO # Vo (Xn) || * Ve (INCEDL ROG) # Xall + 2P (Xl > R) ) i —
+[gur e "Ell r(Xn) # Xall,
where we denote *VV*g = sup *Vi*& , and use the convention 11""xxp = p forx =0 and
0" k' N

p> 1. Consequently, for alln =0,...,N, we get under|(Hloc) |:

E[ } % 0, where X - W

Comment:  Proposition [A.1] states that if X is not bounded, the control problem (A.1)
associated to a bounded controlled proces® can be as close as desired, ih!(u) sense,
to the original control problem by taking R large enough. Moreover, as stated before, the
transition probability of Y@ admits the same densityr asX w.r.t. the pushforward measure

. R O

Proof of Proposition A.1. Take X - W and write:

\@nR ( R(Xn)) # Vn (Xn)

E[RC RO # VaXn)||  E[[9R(X0) # Va(Xn) |1, ]
+ E (O (. R(Xn) # Va(Xn) | Ljx,,p r] (A-2)

37



Let us brst bound the prst term in the r.h.s. of (A.2), by showing that, forn =0,...,N# 1:

EH%NX@#VMX@MMMRL*r%EUW&LRMWu»#MﬁAXMnﬂ
+[I’]|_*Vn+1*& E[I R(Xn+1)# Xn+1 |], with Xn+1 - M.

(A.3)
Take x ! B4(0,R) and notice that
10700 # Va0 int { | 1924 ) # Vour ()] (- 09 ()
+ [ Wess Ol Irx i ) # rx i)l )
* g E[|UR (C (Xne1)) # Vs (Xnsa)|]
+[r]L*Vhs1*& Efl. R(Xn+1) # Xn+1 ],  whereXp+p - W
It remains to inject this bound in the expectation to obtain (.
To bound the second term in the r.h.s. of ), notice that
[OX (. R(Xn)) # Va(Xn)|, 2*Vn*e
holds a.s., which implies:
E[[ER(. r(Xn)) # Va(Xn)[1ix, v r] » 2*Va*& P(IXnl >R). (A.4)

Plugging (A.3) and (A.4) into (A.2)|yields:

E[[R( X)) # Va(Xn)]] 1 E[[OR1 (- ROCns1)) # Vios (Xnaa)|
+[rlL*Vher & Efl. R(Xn+1) # Xnsr l] +2*Vi*e P(IXn| > R),

with X and Xp+1 i.i.d. following the law p. The result stated in proposition |A.1| then
follows by induction. |

A.2 Forward evaluation of the optimal controls in Am

We evaluate in this section the real performance of the best controls i\, .

Let (a4 )Nt be the sequence of optimal controls in the class of neural network&y ,
and denote by 0~ )¢ o n the cost functional sequence associated taaf )N_,* and char-
acterized as solution of the Bellman equation:

LM () = g(x)
JWNM=AQM{HKAU»+Emwpﬁﬂxmﬂ§,

where Eﬁ’xn[a} stands for the expectation conditioned by X, and when the control A is
applied at time n.

In this section, we are interested in comparingd 2™ to V,. Note that Vi(x), JAM(x)
holds for all x ! X , sinceAy is included in the set of the Borelian functions ofX. We can
actually show the following:
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Proposition A.2  Assume that there exists a sequence of optimal feedback controls (aﬁpt)ov N N1
for the control problem with value function Vi, n=0,...,N. Then it holds, as M ) +

E[In™(Xn) # Va(Xn)] = O (n‘ sup, lAer\fME [|A(xk)# °pt(xk)|]> (A.5)

Remark A.1 Notice that there is no estimation error term in (A.5), since the optimal
strategies in Ay, are debned as those minimizing the real cost functionals i)y, , and not
the empirical ones. O

Proof of Proposition A.@. Letn!{0,..,N#1}, and X, - 4. Take A! A y, and

denote I3 (Xn) = (X, A(X)) + EAy [INY(Xns1)l. Clearly, we have Jfu = min JAN.
M

Moreover:
INO&n) # Va(Xn)| o E[If (X  ACKn)) # (X 8P (X))
+ 190 (F (X0, ACK), "n41) # Vinsa (F (X, @2 (X0). "o )|
- IFIE[Ja™ (Xn) # A(Xn)]|
+ [ Vet (F (X, AXX0), ") # Vs (F (X, 8 (X 1), "o )|

+ E[lJnAJrnlf(F(Xn,A(Xn), ‘et ) # Vet (F Xn, A(Xn), " n+1))|].
(A.6)

Applying assumption [(Hd) |to bound the last term in the r.h.s. of yields

E[I20Xn) # Va(Xn) |, (IF ] + *Vher *a [ )E[188% (Xn) # A(Xn)I]

— E[UM(XM) # Vet (xn+1)|],
which holds for all A A \, so that:
B[R4 (Xn) # Va(Xn)| (P + *Vous *e 1), Inf E[188™ (Xn) # A(Xn)I]
M

+ 400 B[N (Xne) # Vo (Xnea ).
then follows directly by induction. O

A.3 Proof of Lemma 41 _

The proof is divided into four steps.
Step 1: Symmetrization by a ghost sample. We take " > 0 and show that for
2

(N n)+f +oot +g+oc )

M> 2 e

sup
AH#A

, sup
AHA o

, it holds:

H

A (&M

O™ A ™)) + B # |9, e )] |>

|

[f (XM AX M)+ BIMA 4 g (x (M) A(X (M) # ?“”‘)A}

S
2

(A7)

'_\

2
i

m=
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where:

¥ (Xll((m))l- m' Mn® k' N IS @ copy of (><§m))1- m Mn® k N generated from an indepen-
dent copy of the exogenous noiseS’Zm))lv m' M,n' k' N, and independent copy of ini-

tial positions (X;,(m))l' m' M, following the same control@}! attime k= n+1,...,N#
1, and control A at time n,

¥ We remind that Yn(f‘l)’A has already been debned i5), and we similarly debne

N" 1
A A A A
YEMA = ST EMA @ (X EMAY) + gx XA,

k=n+1
Let A' 1 A \ be such that:
M
1 i . * (@MyN-1
3 [FOxmL AT My + BIAT # B3 S x| >
m=1
if such a function exists, and an arbitrary function in Ay, if such a function does not ex-
- * * (aMyN—1
ist. Note that & M [If O™, AL XE™y) + pmA } # E[an @ )““(xn)l is a r.v.,
which implies that A' also depends on/ ! ". Denote by Py the probability condi-

tioned by the training set of exogenous noises"f(m))l- m' Mmn' k' N and initial positions

(X IEm))r m' Mn' k' N, and recall that Ey stands for the expectation conditioned by the
latter. Application of ChebyshevOs inequality yields

1 ¢ ! 58(m).A* )
PM[ 3 [FOcEmL AT Iy + PEDA > 2]

m=1

A* (8

MyN—-1
EM |:Jn k )k:n+1(x rﬂ]i)i| #

A* (aM

[)N*l
Vary { n ’“:"“(X,?)}

’ M ("7 2)2
(N # n)sf g + *grg )
1] M" 2 ]

A @s

-Jn n+1(x l:?)

where we have used Q , (N # n)*f*g + *g*g which implies

2

* @MyN-1 N # n)*f*. + *g* 2
E [(JnA (& )k:nJrl(xri?)# ( n) 2& g &> ]

* @MyN-1 « (@MyN-—1 N # n)*f *o + *g*
VarM |:J£‘ (ak )k_n+1(xﬁ):| :VarM |:Jr']6‘ (ak )k_n+1(xr?)# ( ) & g &:|

((N # n)*f*g + *gg )?
1 4 -

2
" f oo o0
Thus, for M > 2((N n+ :/3 T ) , we have

y " ’ n v 2 n n n+1 2 2"
(A.8)
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Hence:
[ sup
AHA o

1 P!
1 P[

M
1
O[O AEm) + B £ AXE) # 84| >

n+1
m=1

g
Mz

O™ AT M)+ BIDAT 8 £ I, A (xEm)) # SEPA

n+1 n+1

3
I
i

L+
Mz

_ M 1
f(Xém),A'(Xgm)))'i‘ ‘Q(m)A }# E |:an (& )k n+1(xn):| S

n+1
m=1
1 on gm) A!(y ¥m) $(m),A* (@l !
w2 [FO™ AT+ 9 | # Ew [an” x|, 5|

1 M (M) Aty (M) (m),A* A% @ -
Observe that g5 > -; [f Xn LA (X )+ 9n+1 ]# Em LJ (Xn)| is measur-
able w.r.t. the #-algebra generated by the training set, so that conditioning by the training

set and injecting (A.8) yields

M
1 mn
Pl sup | D [FOEM ACKE™ ) + B4 4 £ (X I ACE™) # ]| > 5
A#A o |[M = 2
m=1
B M
1 1 MyN—1
Pl S [roxm Aty + REA # B [an O ()] >"]
L m=1
B M
1 1 A @MN-
=P 75 F XM A My + 9MAT 4 E k kn+1x
2 _Aig?w M m:1|:( no ( n )) n+l :| |: ( ):|

2
")+ +oo o "
for M > 2((|\I n* :/a ML ) , where we use the debnition ofA' to go from the second-to-

last to the last line. The proof of is then completed.
Step 2: We show that

M
[ sup |1 3™ [Foxgm, A M) + B4 o GO, )}u
A#A o =
M
. 4E| sup 23 [P A+ A 5 £ (xS, AXE™)) # Vﬂ’f”]]
M m=1

o)
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Indeed, let M $= = 2N ”)+)fJRT°“++9+°°, and notice

A @

3 O™, A + B # |9, k-”“(xn)}u

1o (m) (m) 5(m).A A @50
> [F oM A + B # E[an (Xn)]

o
e
s

A, (a}M)

M _
T [roxm A + B # E[an @ o)

&
+ / P| sup
/ A#HA

- 5(N # n)*f g
M

&
+4 / P| sup
0 A#A

m
M
1 4 @Myt
S [P A M) + B % E[ar O )]

g
Mz

[ O™, A + B

m=1

n+1l

# £ (X I A(x EM)y) # Wm)v’*}

> ] d". (A.10)

The second term in the r.h.s. of [A.10) comes from[(A.7). It remains to write the latter as
an expectation to obtain (A.9).

Step 3: Introduction of additional randomness by random signs.
Let (rm)1 m' m be ii.d. Rademacher rv|i We show that:

M
1 N .
E[ sup |- > [F O™ ACEM) + SR £ (x I, AE™)) # A
AH#A o g
1 M )
, 4E[ sup |- > rm[f (XM A(X (M) + 9,,‘2‘1)"*} ] (A.11)
AH#A 2 =

Since for eachm = 1,...,M the set of exogenous noiseS'zm))n- v N and (--(km))n. K N are

i.i.d., their joint distribution remain the same if one randomly interchanges the correspon-

°The probability mass function of a Rademacher r.v. is by definition %",1 + %1
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ding components. Thus, it holds for" ' O:

sup L
AHA o M

3 O ACE™) + B a1 O AT # A | >

|

m=1
M
1
) P[ sup |- >t [ (XD A + B A 8 £ O AT # A | > ]
A#A m=1
1 & mally "
c PLosup | [FOXE™ A + 8T > S
[A#Aanr;m[( " ( " )) i :| 2
1 o mAalls "
+P = f M AX M)+ A >
Liﬁ'ﬂf w2 [ A + 95>
M ()A m
. su Fm | F O™, AXEM) + B4 > 5]
[A#AF;M Z; m[( AT T ] ?

It remains to integrate on Ry w.r.t. " to get (A.11).

Step 4: We show that
M

1 (m) (M)yy 4 G (M)A
(N # n)*f *& + *g*&
, —
N" 1
+ ([f]u[f]L 3 (1+,M(M)k"”[F]E“”+W"”(M‘“[F]E"”[gh)
k=n+1
= O<W> asM )+ (A.12)
- ), . .

Adding and removing the cost obtained by control 0 at time n yields:

M
1
E| sup | S rm (FXM, AX M)+ PMIA
[A#AFJ)\/[ M n; m(( n ( n )) n+1 )
1 o (m).0
(),
, E ‘Mzrm<f(xr(1m)1o)+‘¢n+l )]
m=1
1 M )
+E| sup [0 3 (FOXE™ AGE™) # £ (X (™, 0)+ B4 # 9100)
A#A 1 mo1

(A.13)

We now bound the brst term of the r.h.s. of [A.13). By Cauchy-Schwartz inequality, and
recalling that (rm)1 m' m are i.i.d. with zero mean such thatr?, = 1, we get

] J U > rm(fOd™ 0+ 9 |

((N # n)f*g + *g¥g ) (A.14)

M
i &

m=1

=]~
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Turn now to the second term of 1A.13). By the Lipschitz continuity of f, it stands:

|

M
[ sup |3 m (F O™, ACKE™)) # £ (X, 0+ B4 # $(D) ]
A#A M | =

M
> rm (14 # 91°)

. If ]LE[ sup r A(X(m))} sup
A#A 11 r; ‘ A#A 11

m=1
N" 1
: ([f]L+[f]L > (1+,m(m)"E { sup H C( "m]
k=n+1 rm' MJ n+1
*lak (1+"\l\’l'"n('\'\’l'"n) L Sr]']LJ'pMJH'lC m]> [Af#xaf Z;r A(X(m))‘]

(A.15)

where we condition by the exogenous noise, use assumptidiiF-Pl) and the ,m (wm -
Lipschitz continuity of the estimated optimal controls at time k, for k=n+1,...,N # 1.
Now, notice prst that

N
[ H cedl . II E[ sup_ cem| . R (A.16)
k n+1 k=n+1 m*

and moreover:

M
su FmA(X (M H , E[ su rm (VT X (M +H
e| s Z | ] s | ST
M
: (ME[ sup ZrmvTX,(J“)], (A.17)
v VR |55

whereR > 0 is a bound for the state space (see e.g. the discussion on the Frank-Wolfe step
p.10 of [1] for a proof of this inequality), which implies by Cauchy-Schwarz inequality:

| e[S

. (m M
since the (m)m are i.i.d. Rademacher r.v. Plug brst [A.16) and [A.17) into (A.15) to
obtain

Z FmA(X ™)

m=1

Z Fm (m)

[ sup

A#A

M
m m m (M)A 4 j(m),0
[Aiﬁ% zrmo(xr(] )’A(Xr(1 )))#f(xr(w )10)+‘¢n+1 ‘Qn+l )]
N" 1
I S @ own)S g "+ gl (1+,N"”<u"“)°%"”)w
k=n+1

(A.18)
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Plug then (E.l4) and (5.18) into (,E.13) to get (;E.lZ).
Step 5: Conclusion
Plug (A.12) into (A.11) and combine it with (4.9)]to obtain the bound on the estimation

error, as stated in (4.10) of Lemmd 4.]L. ]

A.4 Proof of Lemma 42 _

Let (@)L, be the sequence of estimated controls at timé& = n+1,..,N # 1. Take

. A @Y1 . .
A ! Ay and remind that we denote by Jy @l the cost functional associated to the
control A at time n, and a{:" attime k=n+1,...,N # 1. The latter is characterized as
solution of the Bellman equation

A @)=
I ) = 9(x)
S\ N—1 S N—1
a0 = 1 AG + B I )
where Eﬁ,X [4 stands for the expectation conditioned by{ X, = x} when feedback controlA
is followed at time n.

Taken!{ 1,...,N}. It holds:

Ay N—1 Ay N—1
|||aDF|]pnr0X = |nf EM [J?‘(a)k_n+l(Xn):| # Inf EM |:Jr’?‘v(a)k—n+1(xn):|
! A#HA pf A#AX

AN —1 A\ N—1
— |nf EM |:JnA|(a)kn+1(Xn):| # E[Vn(Xn)] + E[Vn(Xn)] # |nf EM |:‘Jr'?'(a)kn+1(xn):|
A#HA A#AX
: A @)
, inf Em |Jn "X ) | # EVA(XR)], (A.19)
A#HA nr

where the last inequality stands because the value function is smaller than the cost func-
tional associated to any other strategy. We then apply the dynamic programming principle
to obtain:

min Ey [Jﬁ‘(é)g:”lﬂ(xn)] # E[Va(Xn)]

A#A o
H A (é')i\r;nlﬁ»l
) A#IirAfM Em f(XmA(Xn)) + By [Jn (Xn+1)
# E[f (Xn, 82 (Xn) + EZ Voot (Xl (A.20)
To bound the r.h.s. of (A.20), brst observe that forA I A y :

A\ N—1
(a)k:n+1

Em |f (Xn,A(Xn)) + Ep [‘Jn+1 (Xn+l)H # E[f (X, @21 (X 1)) + B2 [Vist (xnﬂ)]}

QI (X ACK)) # 1 (X, 8 X)) + v [EAIIE T (Xnen) # B Vooa (Xt )]

(Il *Voes " L) [IAGKR) # 8P OC)I] + *1*a B [357 (X2 # Vit (X)),
(A.21)

45



where we used twice assumptioffHd) ] at the second-last line of [A.21). Inject inequality

A’ (G) iv;n1+2

(a)N77711 i n i
Ewm [\]nﬂki "Xnn )} ’ A;Iftr/lfM En [‘]n+1 (xn+1)} +2 ﬁit'l
into (5.21) to obtain:

Em [f (Xn,A(Xn)) + E':‘ [Jrgi)lg—_nlﬂ(xnﬂ )]] # E[f (Xn,agpt(xn)) + Eﬁopt [Vh+1 (Xn+1)]

, (IFIL + *Vasr *e [r10)E [JA(Xn) # aSP(Xn)]
A @),

+ *r*g inf Ep {Jnﬂ (Xn+1) # Vs (Xn+1)] +2%rxg "ﬁiﬂl,(A.22)
AHA 3

Plugging (A.22) into (E.ZO) yields

inf B [92@ x| # B Vo (X))
AHA o n n n n

% . A, (é)g;n1+2 *p% mest
s g inf Em ‘Jn+1 (Xn+1)# Vn+1 (Xn+1) +2%r*g n+1
A#A

+ ([l + *Vasr*e [rlL) inf E[JA(Xn) # a3 (Xn)]] ,
AH#A o
which implies by induction, asM ) ++ :
H A’(é)iv:_nlﬁ»l
E [ALTM Em [\]n (X n)] # E[Wh(X n)]]

=O< sup  E["f']+ sup

inf E[|A(X,) # aPt(X >
n+l' k' N" 1 Nk N 1AHA o [JA(Xn) # ag” (Xn)]

We now use Lemma*i|1 to bound the expectations of thégst for k = n+1,...,N # 1,
and plug the result into (E.lg) to complete the proof of Lemma. O

A.5 Function approximation by neural networks

We assumea™ (Xn) ! L2(W), and show the relation (4.8) in Proposition[4.1.
The universal approximator theorem applies for

Ag = UAM,

and states that for all " > 0, there exists a neural networka' in Ag such that:

Opt | %
sup *a " # atg < ,
Nk ON" 1 Va(X)

where Vy4(X) stands for the volume of compact setX seen as a compact of the euclidean
spaceRY. By integrating, we then get:

sup / |agP (x) # &' (x)|dp(x) <",
Nk N 1Jx
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Also, notice that (A ),,., is increasing, which implies that Ag = lim y( +& Ay, and
gives the existence oM > 0, that depends on", such that alAw.
Therefore, we have shown that forn =0,...,.N # 1

su inf E[JA(Xk) # ag” (X 0, with X, - y,
L Sup [IA(Xk) (Xl . k- M

which is the required result stated in (4.8). O

We now show [4.9) of proposition[4.1:

As stated in section 4.7 of [[1]: proposition 6 in[[1] shows that we can approximate a-
Lipschitz function by a (1-norm less than(y and uniform error less thanc ()" 24 D jog (i
and proposition 1 in [1] shows that a function with (1 less than(yy may be approximated
with K neurons with uniform error (v K, A3/ 2d)

Thus, given Ky and (v, there exists a neural networka’ in Vi such that

" 24/ (d+1) (
wal 4 AOPtx (m M " (d+3) 1 2d)
a # a’Prg c(—c> Iog(c>+( Ku (A.23)

A.6 Proof of Lemma 43

We prove Lemma[4.3 in four steps. Since the proof is very similar to the one of Lemma
[4.7], we only detail the arguments that are modibed.
Step 1: Symmetrization by a ghost sample. We take " > 0 and show that for M >

(N"n+f+ + +g+ )2
AN 0%) it holds
M
[ sup | - O[O A + R # E [ A M) + BA] > ]
A#A gy |M =
M n
, [ sup | D7 [FOCMLAGM) + B # £ O, ACE) # B4 ][> 2],
A#A 1 foyard
(A.24)
where:
¥ (xg™M_ s aiid. copy of (X§™M)M_ |
" M . .. " M
¥ ("3y) 2, isaiid. copy of ("y) g
¥ we debne
‘Qn(:-nl)A : ‘On'\ﬁl—l <F (Xlglm)!A(X I(Im))!"::ln+l)) ’
and

A n
FEDA = 0N (F (XS, AXE™), "0, ).

Proof: Since‘(?n'\’I the estimated value function at time n, for n=0,...,N # 1, is bounded by
construction (we truncated the estimation at the last step of the pseudo-code of the Hybrid
algorithm), the proof is the same as the one in step 1 of Lemm@.l. O
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Step 2: The following result holds

M
[ sup | 3 [F O, AGKEMY) + A E[E X A + B4 ]
A#A m=1
M
1
C4E| sup | S EOEM ACEM) + B A # £ (I, AXE™)) # ﬂ?i’i“”}]
A#A ) m=1
1
+O(—|. A.25
() @29
Proof: same as step 2 in the proof of Lemma 4]1. 0

Step 3: Introduction of additional randomness by random signs.
The following result holds:

M
1 "
[ sup |- > [F O™ ACEM) + B £ (x I, AE™)) # DA
AHA o m=1
1 M
, sup |- > [f XM, ACX (M) + P A} . (A.26)
AH#A N m=1
Proof: same as step 3 in the proof of Lemmg 4]1. O

Step 4: We show that

1

M
3 [P A ™) + A M

m=1

lsup ],(N#n)_fwg&
A#A

ST+ % (o)

0 2
= O</M('K'/IM> asM ) ++.

(A.27)

Adding and removing the cost obtained by control O at time n yields:

1 ]’E

M
M2 m (f (XM AX ™)) # £ (XM, 0)+ $I)A 4 9 o)

n+1

M
T (O, AGKEMY) + B4

m=1

> (™, 0)+ $°)

e

The brst term in the r.h.s. in (A.28) is bounded as in the proof of Lemmg 4.1l by

‘ M

|

sup
A#A

+ E| sup

A#A o

m=1

(A.28)

(N # n)*f*g + *g's

M
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We use the Lipschitz-continuity of f as follows, to bound its second term:

M
E| sup | > rm(FOXE™AXE™) # £ (XM, 00+ B4 # 9100
A#A M | =1
M
IFLE| sup >t A | + E| sup | 3 rm (W4 4 912°) .
A#A ' T A#A N | 5 oT
M
(U1 + %o (M) E| sup Z x,ﬁm))\]
AM ' =

where we condition by the exogenous noise, use assumpti@HF) , and the , y (v -Lipschitz
continuity of the estimated value fonction at time n + 1.
By using the same arguments as those presented in the proof of Lemrha 4.1, we can Prst

S rmA(xém))” as follows:

bound E {supA#A o

Zr A(X(m))H (m M, (A.29)

m=1

[ sup

AHA

and then conclude that (A.27) holds.
Step 5: Conclusion
Combining(A.25),(A.26) and (A.27) results in the bound on the estimation error as stated

in (4:23). o

A.7 Proof of Lemma 44

We divide the proof of Lemma[4.4 into two steps.
First write

TRt Ew [F (X AR+ O (X )| # ENA(X0)
+ENa(Xa)l# inf Eu [f (Ko AK)+ O (XA)]. (A30)
Step 1: We show
A Ew [T O A+ Bl (X )| # ENVA(Xn)]
, ([FlL + *Vhar*e [r]L)AiQIX Em [JA(Xn) # a'(Xn)|]  (A31)

+ *r*g Em [

Vi1 (Xne1) # 944 (Xn+l)H :
Take AT A \, and apply the dynamic programming principle to write
Ew [f (Xn, A + Oy (Xha)] # EDVa (X))
[F1Em [[AQK0) # o (Xn)|] + Ena [Emn |81 (X0)] # En Vs (X307
([f L + *Vasr*a [FIL) Em [JA(Xn) # a3 (Xn)]
+ Ew [0 OCR) # Voo (X)) |
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where we used(Hd) |at the second-to-last line. By using one more time assumptioffHd) |
we then get:

Em [ X, ACK) + Oy (X 1) # EDVa(X0)]

C I+ Vo *e 1) Ewn [JAGKR) # &P (X))
+*r%g Ew ([ W0 (Xnen) # Voor (Knea)| |4 with X - 1

which is the result stated in (A.31).

Step 2: We show

EVa(Xn)]# Inf Ew [F (Xn, A + Oy (X))
ARAY (A.32)
¥ g Em [

Vit (Xnan) # 00y (e )]

Write

EN(Xn)l# inf Ew [f (Xn AKa) + B (XA )]
oI Bu [F (Xns AXn)) + Vosa (X )] #inf By [f (Xn, A(Xn)) + Oy (X,’?ﬂ)}
. inf_Ep [vn+1 (XAq)# OM, (xr’jﬂ)]

A#AX
.

, ¥ I'*g Em [Vn+1 (Xne1) # OM (Xne1)

which completes the proof of |(A.32).

Step & Conclusion:
We complete the proof of Lemmd 4.4 by plugging[(A.31) and[(A.32) into [A.30). 0

A.8 Some useful Lemmas for the proof of Theorem 4.2

Fix M I N',let x1,...,xm ! RY, and setxM =(xq,...,xm). Debne the distanced(f, g)
betweenf :RY) Randg:RY) R by

LM 2
do(f,g) = <M DI (xm) # g(xm)|2> .
m=1

An "-cover of V (w.r.t. the distance d,) is a set of functionsfy,...,fp : RY) R such that

i " I
o mp do (f, fp) <", forf V.

Let No(", V,xM) denote the size of the smallest'-cover of V w.r.t. the distance d,, and
setNo(", V,xM) = + if there does not exist any"-cover of V of bnite size.N»(", V,x") is
called (?-"-covering number ofV on x¥ .
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Lemma A.1  Let (X,Y) be a random variable. Assume |Y|, L a.s. and let
m(x) = E[Y[X = x].

Assume Y # m(X) is sub-Gaussian in the sense that

for some c,#> 0. Let (m,L"' 1 and assume that the regression function is bounded by L

++ .
and that (w W+&
Set

M
1
My = argmin — Z |B(xi) # \?’m\z
vavy, M~
for some Vi of functions $: RY) [#(wm,(m] and some random variables ¥y, ..., B which

are bounded by L. Then there exists constants C1,Cp > 0 which depend only on # and C such
that for any -pm > 0 with

M-
-M 0, and M ++
M( +& (Mm M(C+&

and

M Vs u 1 2 V2

c o log [ No| ——,df#g:f 1V, — fF ) # g7, — b, xM du

LI CIC R ULRIE S LRSI )
(A.33)

forall-" -y and allg'V y 1{m} we have asM ) ++ :

M
E[\mM(X)# m(X)ﬂ = Op (I\j > [Ym # 2+ -m + !i?\];MEU$(X)# m(X)\ZD :

m=1

Lemma A.2  Let Vv be defined as in Section[4.3. For any " > 0, we have

(4d+9)K]\/[+1
12e Km +1
NZ("! VM1(Xr(1m))l' m' M) ’ ( (M (.. M )) .
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