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Abstract

We consider continuous-time heterogeneous agent models with recursive utility (Epstein-Zin
utility) cast as mean field games, in which agents prefer late resolution of uncertainty. The model
leads to a system coupling a pair of Hamilton-Jacobi-Bellman equations with state constraints
and Fokker-Planck-Kolmogorov equations. We investigate the existence of solutions to the mean
field game system and discuss some important qualitative features of the model.

1 Introduction

In this paper we extend the study of continuous-time heterogeneous agent models done in Achdou,
Han, Lasry, Lions, and Moll [3] by addressing the Epstein-Zin recursive utility. The continuous-
time formulation of the Aiyagari-Bewley-Huggett models [26, 4, 30], classical in recursive macroe-
conomics, and the related system of partial differential equations can be studied in the light of the
mathematical theory of mean field games (cf. [1, 29]). Such models involve a large number of ex
ante identical but ex post heterogeneous agents in an incomplete market setting. Each agent max-
imizes her/his utility over time with consumption decisions, facing debt limits and idiosyncratic
income risks. She/he solves the stochastic optimal control problem, taking as given an equilibrium
interest rate 7:

(re: + yr — cr)dr, T > t,

T, x.

,U(x’ y) = maXE |:/ f(CTa UT) d7_|mt = 33'7 yt = y:| , Subject tO { da:T i
[ : >
(1.1)

Here, ., and y, respectively stand for the agent’s wealth and labor income at time 7. The control
variable is the consumption ¢, and the flow f depends also on the future value v; = v(x,,y,). It
is assumed that y, is a Poisson process with two states y; < ys. The Epstein-Zin recursive utility
is defined as: Lyt , »

flew) = —P ¢ —( —_’Y)U) g lv (12)

L=yt ((1=7y)v)! 1—1

where p is the subjective discount rate. It is assumed that ¢, the elasticity of intertemporal
substitution (EIS) and -, the risk aversion parameter, are both positive and do not take the value
1. This type of nonexpected, recursive utility was proposed in [18] in discrete time and continuous
time models were introduced in [16] and [17]. In the present paper, we use the same notation
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as in more recent economic literature [32, 37]. A key feature of the Epstein-Zin utility (1.2) is
the separation between risk aversion v and elasticity of intertemporal substitution (EIS) . The
time-additive separable CRRA utility is a special case of recursive utility in which v = ¢~ and
et

1—n

It was observed in [18, p. 952] that the attitude towards the timing of the resolution of uncertainty
is pinned down by the constant y: early (late) resolution is preferred if v¢) > (<)1. With v = 1,
the agent is indifferent to the timing of uncertainty resolution. In this paper, we only consider

—1 -1
the case 1—?7 > 1 with v > 1, and the results can be extended to the case 1—1_p7 > 1 with

fle,v) = — pu. (1.3)

1 1
v < 1. The extension to the case vi) = 1 is easy. Our assumption thus implies v < 1. In this

context, it is more straightforward to use the viscosity solution theory and have a complete theory.
Therefore, the theoretical results in this paper are only applicable to the case when agents prefer
late resolution.

We use the shorthand notation v; = v(x¢,y:) when needed. Since y; takes two values it is
convenient to set v;(x) = v(x,y;). The agent’s optimization problem (1.1) leads to the weakly
coupled system of Hamilton-Jacobi-Bellman (HJB) equations for the value functions v;(z):

0 = max (£(e, ;) + (2 +y; = ODv} + Xi(us(e) = vy(), j€ (L2} and j=3-j, (L)

with a state constraint boundary condition at z. In the spirit of “Bewley models”, the interest rate
r is determined in equilibrium and depends on the aggregate wealth and labor in the economy. To
close the model, we need to consider the distribution of agents by wealth and income. We introduce
a stationary Fokker-Planck-Kolmogorov (FPK) equation, which describes the invariant measure m;
of agents with income ;. The measure m; has a density g; and possibly exhibits a Dirac mass at
x weighted by p;, and the density satisfies:

0
~ o L2 45 = ¢i(2))g; ()] + Azg5(2) = Ajg;(x) = 0. (1.5)
The aggregate capital supply and labor are denoted by

K[m] =/> fIfdm1+/> xdm2=/> mgl(x)deF/ rga(x)de + ) i,

>z ;
jetl2} (1.6)

N[m] :/ yldm1+/ ygde:/ ylgl(x)dx—i—/ ya2g2(x)dx + Z iy
> T>T T>T >z jef1,2)

In the Huggett model [26], each agent can borrow or lend at interest rate r while the aggregate
capital is fixed to the value B. The recursive equilibrium in a stationary Huggett model is then
summarized by the system

(4) 0= Iglgg{f(ca vj) + (r'z +y; — c)Dvj(2)} + Aj(vs(2) — v;(z)),
c}k(m) = aréféax {f(e,v;) + (r*z +y; — c)Dvj(x)},
() = (g @)y (@] + Agsle) — Ajgs(a) = 0, .
R S O SR
T>T T>T je{1,2}




with the equilibrium 7 determined by the implicit coupling condition
(iiig) K@) = Km")] = B. (1.8)

In the Aiyagari model (1.11), the asset x is interpreted as homogeneous physical capital. The total
factor of productivity (TFP) and the capital depreciation rate are respectively denoted by A and 4.
The production in the economy is described using the Cobb-Douglas production function F such
that F(K,N) = AK“N'~® with 0 < o < 1 and where K is the aggregate capital and N is the
aggregate labor. The profit of the producer is F(K,N) — (r + §)K — wN where w is the wage.
Here we normalize the wage to unity, i.e. w = 1. Then, at any given interest rate r, the producer
chooses a level of capital demand Kg4[r] such that

Kalr] = arg}r{nax {F(K,N)—(r+9)K}. (1.9)

It can be deduced from state constraints that under any given interest rate r,

Az YrAj Yir
1 +/ gj(z)de = ——, N[m] = + : (1.10)
J >z J )\j + )\j )\j + )\j )\j + )\]-

The stationary Aiyagari model is described by an equilibrium interest rate 7* such that KC[r*] =
Kq4[r*], i.e. supply equals demand for capital. This leads one to supplement system (1.7) with the
coupling condition:

- a—1 m(r*) a—1
(1ii4) r = Aa (K][V ]> - = A« (K[N]> — 9. (1.11)

Continuous-time consumption-saving models with recursive utility have been used for studying
financial consequence of disasters [32], dynamic portfolio choice [15] and economics of climate
change [25]. In particular, such a model with state constraints (incomplete market setting) and
stochastic income process has been considered in [37].

Discrete-time recursive utility models have been widely used for macroeconomic asset pricing
[19, 22, 23] and were considered in a more general mathematical framework of abstract dynamic
programming [34, 33]. There is a vast literature on the existence and uniqueness of the value
function for recursive utility process in discrete time, e.g. [8] and [9]. The connection between
discrete-time and continuous-time models with recursive utilities has been addressed in [27].

It was proposed in [3] that the suitable notion of solution to the HJB equation in these heteroge-
neous agent systems is the constrained viscosity solution [12]. Since then, several works [10, 24, 35]
have contributed to the mathematical analysis of such models with time-additive utilities. In this
paper, we extend the constrained viscosity solution theory to HJB equations with recursive utility
and this allows us to propose monotone numerical schemes (monotonicity in the sense of Barles-
Souganidis [6]). Numerical methods based on finite difference schemes have been proposed in [3] for
the same kind of models with CRRA utilities. Recently, a semi-Lagrangian scheme was proposed
in [10]. Both methods are well adapted for the models addressed in the present paper.

This paper is organized as follows. In Section 2 we give some preliminaries and recall useful
notions in convex analysis. Section 3 is devoted to the analysis of HJIB equations. We discuss the
existence and uniqueness of the constrained viscosity solution, and prove that the latter is the value
function of the recursive optimal control problem. Higher regularity of the solution is then obtained



using in particular arguments from convex analysis. We establish some key features of the optimal
saving policies. In Section 4 we consider the solution to the FPK equation given r < p. In Section 5
we first study the HJB equation and saving policies with » = p and prove the nonexistence of an
invariant measure in this case. This leads to the blow up of the aggregate wealth as r — p. We then
address the existence of an equilibrium for the Aiyagari model. Finally, we give some numerical
examples in Section 6.

2 Preliminaries
The assumptions that follow will be made in the whole paper:
vy>1, 0< <1, v <1. (2.1)

p=>r, pr+y; >0.

An equivalent statement to (2.1) would be v > 1 and 6 > 1.
With Epstein-Zin utility (1.2), we can rewrite the HJB equation (1.4)

Buj(w) = max {F(c,vy) + (ra + 5 — ) Dvj} + Aj(v5(w) — v;())
0 c20 (2.2)
= (myyj7vj7va)+)‘j<vJ_(x)_vj(x»v
where we use the notation
11—yt
P p c
f(cv Uj) = ]:(07 Uj) - gvjv }—(C’ Uj) = 1— ¢_1 ((1 — ,Y)vj)g_l . (2'3)
The Hamiltonian in (2.2) is
e+ o+ L) T i p20
rTr vy)p v —— —y)v) T, 1 pb=Y,
H(x7y7v7p) = dj -1 (24)
400, if p<o0.
We summarize the notation in Table 1.
It is clear with (2.1) that for any ¢ > 0, F(c,v) is decreasing in v since
Fu(c,v) <O0. (2.5)

For all ¢ > 0 and v < 0, the second order derivatives of the aggregator f(c,v) and the determinants
of Hessian matrices satisfy

= F, _ et - F _ Syt
fcc(C7’l)) = cc<C7’U) = W < 0, fUU(C,’U) = UU(C)’U) — ("Y _ 1/} )W <0,
feele,v)  feole,v)\ _ o 21 ﬂ
o <fvc(c’ v) fvv(cav)> AR A, (2.6)

Therefore f(c,v) and F(c,v) are jointly concave in (c,v).



Table 1: Symbols

Subjective discount factor p>0
Risk aversion v>1
Elasticity of intertemporal substitution (EIS) 0<y <1

. . . “1s 1yt
A parameter arising in Epstein-Zin utility 0 := = > 1
A convenient parameter b:=p [%pp_r)] v
Scaled discount C=p/0
Aggregator f(e,v)
Modified aggregator F(e,v) = f(e,v) + v
Borrowing limit x
Equilibrium interest rate r*<p

The optimal consumption (away from the borrowing limit) is
v — =
¢; = argmax {F(c,v;) — cDv;} = p*(Duy) (1 = 7)) T . (2.7)

c>0

We observe that H(x,y,v,p) defined in (2.4) is convex in p for fixed (z,y,v) with p > 0,

. (re +y)' =" e
gggH(%yaUap) = pl——w—l((l —y)v) . (2.8)

Moreover, since rz +y > 0 and p'~? is sublinear, we infer from (2.4) the coercivity condition
H(xz,y,v,p) - +0o when p— +o0. (2.9)

We denote by H,(x,y,v,p) and Hy,(z,y,v,p) the first and second order derivatives of H(z,y,v,p)
with respect to v. We use Hyy(z,y,v,p) to denote the cross second order derivative of H(x,y,v,p)
with respect to v and p. We obtain from (2.1):

o H(z,y,v,p) is decreasing in the v— variable:

Hy(z,y,v,p) = wpl‘w((l — )T <0, (2.10)

o Hy(x,y,v,p) is decreasing in both the v— and p— variables:

Hyp(z,y,0,p) = —p(1 — yp)p ¥ ((1 —y)v) T < 0. (2.11)
Hoo(2,,0,9) = —1p"(1 — y)p (1 — y)0) 75 < 0, (2.12)

From (2.12), we deduce that H(x,y,v,p) is strictly concave in the v variable.
We will also use the following elementary but important inequality whose proof is left to the
reader.

Lemma 2.1. For p > r, the parameter b introduced in Table 1 is such that r < b < p.



Let us recall some notions from convex analysis.

Definition 2.2. Consider ¢ € C[z,+00). The super- and the subdifferential of ¢ at = are given by

(1) Dt¢(x) = {p € R: limsup 9(2) = ¢lz) —p(z — ) < 0} ,

2T, 2>T ‘Z - x‘

(2.13)

2) D ¢(z) = {p €R: limint 2 =00 —p(E=2) o} .
24T, 22T |Z — $|
DT ¢(x) and D~ ¢(x) are closed and convex subsets of R. Moreover, it is clear that if ¢ is
nondecreasing in a neighborhood of z then DT ¢(x) and D~ ¢(z) are subsets of R..
For a locally Lipschitz function ¢, we define the set (cf. [5, p. 63])

D*¢(x) = {p eER:p= nliifoo Do(xy), xn — x} , (2.14)

and we denote by coD*¢(z) the convex hull of D*¢(z). We observe that if ¢ is nondecreasing in a
neighborhood of x then all elements of D*¢(x) are nonnegative.

Definition 2.3. We say that ¢ : (z, +00) — R is semiconcave if there exists a constant C' > 0 such

that for all z,z € (z,+00) we have $¢(z) + 3¢(z) < ¢ (£42) + 10z — 2|2

It is obvious that any concave function is also semiconcave.

Lemma 2.4. ([5, Proposition 4.7]) Let ¢ be a semiconcave function in (z,+00). Then DT ¢(x) =
coD*¢(x) for all x € (x,+00). Moreover, if DT ¢(x) is a singleton then ¢ is differentiable at x.

The following result is a direct consequence of [36, Theorem 25.7] and used in [35]. It allows
one to prove the continuous dependence of the consumption and saving policies upon the interest
rate r by studying the convergence of the value functions, see also [2] and [10].

Lemma 2.5. Let vV, 1 € N be a sequence of strictly concave, differentiable and bounded functions
defined on (z,+00). If v (z) — v(x) for all  as 1 — +oo, then Dv¥) converges to Dv locally
uniformly.

3 Analysis of the Hamilton-Jacobi-Bellman equation

Let us recall the definition of viscosity solution for the HJB system (2.2), which extends naturally
the definition used in [10] when the utility is of CRRA type.

Definition 3.1.

1. An upper semicontinuous (u.s.c.) function v = (v1,v9) is said to be a viscosity subsolution of
(2.2) at x, if whenever ¢ is a smooth function and v; — ¢ has a local maximum at x, then

£oj(w) < Hi(z,y;,v5(2), Dp()) + Xy (vy(e) = ;(x)):

2. A lower semicontinuous (L.s.c.) function v = (v1,v2) is said to be a viscosity supersolution of
(2.2) at z, if whenever ¢ is a smooth function and v; — ¢ has a local minimum at x, then

£oj(@) > H(, 5, 05(x), Dp(e)) + Xy (vy() = 0;(a)).



A continuous function v is said to be a constrained viscosity solution to system (2.2) if v is a
viscosity supersolution in (z,c0) and a viscosity subsolution in [z, c0).

It is useful to state the following equivalent definition using sub- and superdifferentials.

Definition 3.2.

1. An upper semicontinuous (u.s.c.) function v = (v1,v9) is a viscosity subsolution of (2.2) at

x, if
p
g0i(@) < H(w,yj,05(2),p) + X (v3(2) —vj(2))  Vp € D o).
2. A lower semicontinuous (l.s.c.) function v = (v1,v2) is a viscosity supersolution of (2.2) at x,
if
p _
gli(@) = H(z,y;,v;(2), p) + Aj(v5(2) — (@)  Vp € D7v;(2).

We next state a strong comparison principle for viscosity sub- and supersolutions of (2.2).

Proposition 3.3. Assume that u = (u1,u2) and v = (v1,va) are bounded viscosity sub- and super-
solution of system (2.2). We extend v; at x by setting v;(z) = liminf.—z 2>z vj(2). Then u < v in
[z,400), i.e. uj <vjin [z,400) forj=1,2.

The proof is contained in appendix A. Note that this result holds also if y1) = 1, cf. [10].
Next we obtain some explicit sub- and supersolution of system (2.2). To gain intuition, we first
consider the decoupled system, i.e. the case when \; =0, j € {1,2}:

p

gvj(l”) = H(z,y;,v;, Dvj). (3.1)

Lemma 3.4. Consider

(ra +y;)=7 o (b(x +yj/r))
l—y 7 7 17y

where b is defined in Table 1. The functions U; and V; are respectively a subsolution of (3.1) in

[z,400) and a supersolution of (3.1) in (z,+00).

u; = s (3.2)

Proof. v;j(x) is a classical solution to (3.1) in (z,400). Hence V; is a supersolution of (3.1) in
(z, +00).
It is straightforward to verify that for all x > z, 0; satisfies

P . .
gl < H(z,y;,u;, Duj).
Let ¢ be a smooth function such that ti; — ¢ has a local maximum at z. It follows from (2.8) that
. (rz+y;)' " et (rztyy)tTY
H(z,y;,0i(z), Dp(z)) > p———L—=—((1 —y)u(z)) 7 =p—"L5—
1= L=
On the other hand, we have
P l—y (rz+y)'™" _ (rz+y)'”
7uj(&) =p 1 . =P J,1 )
0 1— 4 11—~ 11—
hence §i;(z) < H(z,yj,0;(z), Dp(x)) and i; is a subsolution of (3.1) in [z, +00). O

7



We can then build the sub- and supersolutions of (1.4) by taking advantage of Theorem 3.4.

Proposition 3.5. Assume r > 0. The functions

rT 1= rT 1= T N T P
o= (S I e (M2 M)

are respectively a subsolution of (2.2) in [z, +00) and a supersolution of (2.2) in (z,+00).

Proof. We first consider (U1, 01). It is clear from Theorem 3.4 that for j = 1,

H(xz,y1,01, Diy) + A (U (x) — d1(z)) > gﬂl(ﬂf)7 Vo > z.

For x = z, the argument is the same as in the proof of Theorem 3.4. For j = 2 and =z > z:
H(m, Y2, I:ll, Dfll)—i-)\l(ﬂl(l')—fll(l')) = H(.I’,yl, ﬂl,Dﬂl)—i-)q(ﬂl(x)—ﬂl(m))+(y2—y1)D01(x) 2 Cﬂl(x).

Let ¢ be a smooth function such that U; — ¢ has a local maximum at z. The inequality Dp(z) >
Dty (z) > 0 implies

H(z,y2,01(z), Dp(x)) + A1 (01(z) — U1 (z)) > Cur(z).

We argue similarly with (Vg,V2) and notice that for the supersolution property we only need to
consider = > x. ]

Remark 3.6. Next we use Theorem 3.1 and Theorem 2.1 to show why V; is not a subsolution to
(3.1), even though it is a classical solution in (z,+00). Note that DV;(z) = b (z + y;/r)™7, we
consider the test function

VPR ]
)= pht e EEYITYT oy e gy )

(o 1

Sinceb > r, p > r and 1 > 0 we have first r—/¥ > b=YY  then pbi_vr_l/w > bljﬁ_wl)_l/w > b7,
This implies Dp(x) > DV;(z). Therefore x is a local mazimum of V; — . Now

1 1
b T T (/)

1
1-3

H(z,yj,v(z), Do(x))

-1
v . . Co
Because Zl — is an increasing function in (0,4+00) and b > r, we have

I
pbr 7 (z +y;/r) Y . pbs P (2 gy /)
1 1 :
1-1 1-1

On the other hand,

pb' M (x +y/r)'T pb T @ty /r)T

1-1 - 01— ) = gV,

hence we have obtained: §v;(x) > H(z,yj,vj(z), Dp(z)). Therefore, V; is not a subsolution at x.



Similar explicit calculations show that ; < v;, in agreement with the comparison principle in
Theorem 3.3.

Proposition 3.7. Assume 0 < r < p. There exists a unique bounded viscosity solution v = (v1,v2)
0(2.2).

Proof. We consider the following regularized problem. Given a constant R > rz + yo, set

Hp(x,y;,v;, Dvj) = Or<nca<x {F(c,vj) + (rx +y; — ¢)Dv,},

and consider the system

501(®) = H(z,y5,0;, Dj) + 3 (vy() — v;(a)), (3.3)

with state constraints. We proceed in several steps.

Step 1. We claim that for each R, the comparison principle is satisfied for the sub- and supersolution
of (3.3). The proof is similar to that of Theorem 3.3 that guarantees the uniqueness of solution if
it exists. We observe that

oDl < 7 - oDV
oglciXR{f(c Vi) + (re +y; — ¢ v]}_rilzagc{f(c,vj)#—(rx#—y] c)Dv;},

hence (V1, V) is a supersolution of (3.3). On the other hand, by defining
a1(xz) if rex+y; <R,
i () = iy'(z) = ¢ R

I—7

it re4+y1 >R,

we can use a similar argument as for Theorem 3.5 to show that (uff(z),u(z)) is a subsolution
of (3.3). From the comparison principle, we deduce that for a state constrained viscosity solution
(vff, vf) of (3.3), U ( ) < vR( ) < V() holds for all # > z. The existence of a solution (v{*,v4") to

(3.3) follows from Perron s method. We observe that (vf, vf) is the value function of a stochastic
optimal control problem and that vj is concave. Following the same argument as in Theorem 3.10

below, U]R belongs to C*(z, 4+00).
Step 2. We now show that va > 0. Suppose that there exists x* such that DUJR(ZE*) =n <0,
then for all z > z*, va(x) < n and
[nax, {F(, ) + (re+y; — c)va‘} = F(R, U]R) +(re+y; — R)DUJR.

From (2.5) and u;(z) < UJR(.ZC), we deduce F(R, UJR) < F(R,uj(z)). Since vaR(w) < g for all
x> ¥, (re+y; —R)DUJR — —oo as * — +o00. Therefore, Hp <x, yj,vf, DU]R) — —00 as T — +09,
which contradicts the boundedness of UJR. We have proved that there does not exist x* such that
vaR(a:*) < 0.

Similarly, from (2.5) and R > rx + y2, and the state constraint at z,

Hp (2, y;,v] (), Dvj(2)) = H (2, y;, vf'(z), Dvj(2)) = H (z,y;,9;(z), Dvj(z)) ,



we deduce from the coercivity of H that DUJB‘(Q) is bounded independently of R. The upper bound
on D’UJR then follows from the concavity of ’U]R.

Step 3. Suppose R’ > R, we deduce from
HR (:L‘a Yj, ’UjRa DU]R) < HR’ (:L'a Yj, Uij DU]R) )
that (vff,v§!) is a subsolution of the system

£oj(@) = Hr (.95, 05 Doy) + X (vy(@) = 0;(a)). (3.4)

. . . . / . .
The comparison principle then gives ’UJR < ’UJR . Therefore, vf depends on R in a monotone increas-

ing manner for R sufficiently large. Since (vf,v§) is bounded above by the supersolution (Vq,Vs)
independently of R, we infer that (v{%, vf) converges pointwise to the limit (v1,v2) as R — +00. By
the uniform boundedness of Dvf and the ArzelaAscoli theorem, the sequence (v{%, vf) converges
locally uniformly to (vi,v2). Moreover the functions v; are continuous, strictly increasing, concave
and tend to 0 as x — oo. From the stability of viscosity solutions, we conclude that (vi,v2) is a

constrained viscosity solution to (2.2), in fact the unique one from the comparison principle. O

Proposition 3.8. The solution v; is locally Lipschitz.

Proof. We consider some z* > z and its neighborhood (* — ¢, z* + ¢) such that z* — e > z. We
consider an interval [x1,x9] such that z < 1 < 2* — e < 2* + ¢ < 9 < 400 and then proceed in
two steps.

Step 1. We show that there exists C > 0, C depends on 1, x2 such that

gvj(x) < H(w,yj,vi(2), C) + Xj(vs(z) — vj(x)) Va € [21, 2], (3.5)

We observe from the comparison principle and (2.10) that for all C > 0,

H(x17y17\72(x2)7 C) < H(l‘,yj,'l}j(l'), é)v

and

£oj (@) = Xy (05(2) = vy(@)) < At (a1).

Moreover, H(x1,y1,V2(x2),C) is a monotone increasing function of C' if
_d),l . wil—’Y
C > p(rey+y1)™" ((1—)Va(a2)) 7.
Therefore, there exists C' > 0 such that At (z1) < H(z1,y1,V2(22), (), hence (3.5) also holds.
Step 2. We now consider the minimization problem, for some Cy > C, Cy may depend on z* and
g,and z € (z* —¢e,2* +¢),

min  v;(2) + Colz — x| (3.6)

z€[r1,22]
From the boundedness of v;, Cp can be chosen large enough such that neither x1 nor x2 can be the
minimizer of (3.6). We claim that the unique minimizer in (3.6) is 2 = z. Otherwise, if 2 # = then
|z — x| is differentiable at Z and, from the inequality for supersolution in Theorem 3.1 it follows

~

0. R R Z—u . .

gli(2) = H(z,y;,v5(2), —COH) + Aj(v3(2) —v;(2)).
This is in contradiction with (3.5) if 2 < x, or with (2.4) if £ > z. Therefore, v;(2)+Co|z—z| > vj(x)
for all z € (z* —e,2* +¢). By symmetry we can show v;j(x) + Colx — 2| > v;(2). O

10



Proposition 3.9. The viscosity solution v = (vi,v2) is the value function of the optimal control
problem (1.1). Furthermore, the function v;(x) is strictly concave in x.

Proof. We consider the optimal control problem, involving the function v found in Theorem 3.8:

V(z,y) = maxE [/ fler,vr) d’]"wt =,y = y] 7 { (rer +yr —cr)dt, 7> t,
cr ¢

8

N
(AVANI
I

(3.7)
The value function of (1.1) is a fixed point of (3.7). From the dynamic programming principle, the
value function V of (3.7) is a viscosity solution of :

P
6

From the local Lipschitz continuity of v, we can then show the viscosity solution to (3.8) is unique.
Moreover, from Theorem 3.8, we know V = v is itself a viscosity solution of (3.8). Therefore, the
function v is a solution of (1.1).

From (2.6), f(c,v;) is concave in (¢, v;j). The concavity of the value function then follows from
[16]. O

Vj(z) = H(z,y;,vj, DV;) + A;(V;(z) = V;(2)). (3.8)

Proposition 3.10. The function v belongs to C*(x, +00).

Proof. Our strategy is similar to that in [5, Section 5.2, Proposition 5.7]. The function v; is concave
and therefore semiconcave. Since v; is differentiable almost everywhere in (z, +00), the set D*v;(z)
is nonempty and closed for any x > z.
To prove that v; is differentiable in (z, +00), we only need to establish that Dt v; is a singleton.
From the semiconcavity of vj, DTv; = coD*v; and we only need to prove that D*v; is a singleton.
Suppose by contradiction p! # p? € D*v;. Then there exist subsequences {z,,}, {2} such that
vj is differentiable at each {x,} and {z;}, and

. . 1 . 2 .
r= lim x,= lim z = lim Dwv,(x = lim Duv;(zg).
n——+00 " k—~4o00 P n—-+00 j( n); p k—4o00 ]( )

§vi(@n) = H(wn,yj,0i(z0). Doj(n)) = X (uy(an) — vj(n)), o)
501 (28) = H (25,1 (20), Doy (1)) = Aj(vgzx) = vsan): |

Using the supersolution found in Theorem 3.4 and the comparison principle in Theorem 3.3, we
deduce that vj(x) is bounded away from 0 for any « < +oo. This allows us to take advantage of
the continuity properties of H and the continuity of v;, j € {1,2} to infer that

P P

Pop(a) — H (r,5,05(),0") = Do) — H (2,95, 05(0), %) = Muy(a) vy, (3.10)
Set p = (p* + p?)/2, from the strict convexity of H we infer
p P 1 1
E’UJ(IE)*H (l"yjavj(x)vp) > Ev](x)igH ([L‘,y],’l)](ﬁl?),pl)*iH (:anjavj(x)vp2) = )‘J(Uj(x)iv](x))

(3.11)
On the other hand p € coD*v;, hence from Theorem 2.4 p € D" v;. Therefore, by Definition 3.2

Foj(@) — H (2,5, 0;(2). ) < Ay (vy(a) — vj(2)),

11



in contradiction with (3.11), therefore Dtv; = coD*v; is a singleton.

Finally, Dv; is continuous in (z,400), by the upper semicontinuity of the multivalued map
D for the semiconcave function vj. The coercivity of the Hamiltonian and the concavity of v,
imply that Dv; is uniformly bounded in (z,4+00). O

Proposition 3.11. The function Dv; is uniformly continuous in [z, R] for any R > x. Moreover,
Duvj is bounded on [z, R] by a constant depending only on v, ¥, (y1,y2) and (A1, A2).

Proof. From the concavity of v;, Dvj(x) is monotone increasing as x — x. There exists Dv;(z™)
such that Dvj(zt) = limgy o> Dvj(x). Moreover, we define Dvj(z) = lime_q >0 M
if it exists. Since v; is C! in (z, R] and continuous in [z, R], we obtain that Dv;(z) exists and
Dv;(z) = Dvj(z™") by the mean value theorem. Therefore, Dv; is continuous on the interval [z, R]

and we obtain the uniform continuity by Heine-Borel theorem. O

Corollary 3.12. Assume 0 <1 < p. There exists a constant cymin, > 0, independent of r, such that
¢j(z) > emin for allz > x and j € {1,2}.

Proof. From (2.7) and Theorem 3.11, the first order condition for the optimal control (2.7) holds
pointwise. Theorem 3.8 and Theorem 3.11 imply that (Dv;(z))~% is bounded below for all = > z.
By comparison with the subsolution U;, see Theorem 3.5, we obtain that

(1= 7)oy () 5 > (1= )i (@) T7 > (e + 1)t

If z >0, then (ro +y )= > y%fw. If 2 <0, then (ro +y1)' ™% > (pz +y1)' ™%, Therefore, we
can find a lower bound c¢p,;, uniform w.r.t. r. O

Now we can consider the continuous dependence of the consumption and saving policies upon
the interest rate 7.

Proposition 3.13. We denote by v\*) the solution to system (1.4) corresponding to an interest rate
r) with 0 < r® < p. For r®) — r, the sequence v\ converges in Cllz, R] tov for any R > x.

Proof. From (2.10), Theorem 3.5 and Theorem 3.8, H,(x,y;, vj(-b), D’U](-L)) is uniformly bounded for
all 7 such that 0 < r() < p. By the stability of constrained viscosity solution v(®) converges to v
uniformly. Since v](-L) is strictly concave (Theorem 3.9), the local uniform convergence of DU§L) to
Du; follows from Theorem 2.5. O

We denote by cgb) and sgb) the consumption and saving policies with interest rate (). From

Theorem 3.13, the sequences cg.b) and sgL) converge locally uniformly to ¢; and s; as )

The semiconvexity of the value function can be obtained with control theoretic arguments, as
in [11].
Proposition 3.14. The value function (vi,va) of (1.1) is locally semiconver.
Proof. From the stationarity of the control problem (1.1), we can take ¢ = 0 in (1.1) and for the
rest of the proof, we denote by t the generic time variable. There exists T such that the optimal

trajectory x; starting from (x,y) does not reach z for all y € {y1,y2} and all realizations of y;.
From Theorem 3.12, for all ¢ > 0:

1—yy

C(‘E;eka yt) = pT/J (DU (w;‘fayt))_w ((1 - 7)” (CC:, yt)) =7 > Cmin-

12



For 0 < h < x — 2 and ¢ that will be chosen soon, consider the trajectories

de =rxf +yi — c(x},yr) — ee™, xy =+ h, (3.12)
de, =rx; +yr—c(xf,y) +ee, x5 =x—h '
We have
d(zf —x}) =r (xf —af) —ce”,
d (:c; - :cf) =r (l‘; — :L'I) +ee,
and by taking e = 2h/T we obtain
¢ - ¢ ¢ ¢ 2t
zf —x; =" (xf — ) — 5/ " dr = het — ete™ = he” <1 - T> ,
0
2t
x; — ) = —he" +ete” = —he" <1 — T> .
By construction, :L'JTr 2 = x5 /2 = x5 /2 Moreover,
Jr —
— 2t
x, <m <z and%:he” <1—T>, vt < T)/2. (3.13)
Consider the positive value J, depending on x:
0:= min z%(7) >0, 3.14
T€[0,7/2] ( ) ( )
and choose h such that
2t 2re™ e
he (1-2) <8 and cmin — —— > —o 3.15
ter[%jaT);z] e ( T) < and cmn T > 5 (3.15)

Without loss of generality we take yg = y;. From the dynamic programming principle

[ T2

vilw) =E | | (¢ (w?f,yt),v(wi‘,yt))dtJrv(w*Tp,yT/z)] ,

/2
vi(x+h)=E /0 fe(z),ye) —ee™ v (zf,y)) dt + U(w}/gayT/z)] ;

T/2
vj(x —h) =E /0 fe(m),ye) +ee™ v (zy,y))dt + U(w}/gayT/z)] :

Using the notation from (2.3), we have

vj(x + h) = 2v;(x) + vj(z — h)

T/2
— [ (el - oo o 9) 2 (a0 ) 4 F () e o)
0
o (T2
- HIE/ (v (@] ye) — 20 (@}, y0) +v (27, 90)) dt
0

T/2
> E/ (J—" (C (m;fkayt) - Eertvv (mzrayt)) —2F (C (w;yt) U (w;k7yt)) +F (C (m;yt) + 56Tt7v (m;ayt))) dta
0
(D)

(3.16)
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where for the last inequality we used (3.13) and the concavity of v.
Next, by using again the concavity of v and z} = (z; + =; )/2,

v (mg_vyt) +v (mt_ayt)

v,y = v ((@F +27)/2w) > .

From (2.5) —F(c,v) is increasing in v, we have

v (z,ye v (X, , Yt
_.7-"(c(ar:;f,yt),v(ar:f;,yt))>_.7-“<C(m%k7yt)7 (t’y)‘; ( y)>

v(zfy) +v (T,
”)”(C(@’W%e”w(wi,yt))—2f(c<mz,yt>, (o w) +v (= y>>

2
+ F (c(xf, yr) +ee v (x),y1)) -

where ¢ (x},y;) — e > 0 from the choice of h in (3.15). From (3.15)  + & > z with § defined
in (3.14). From the monotonicity of v and by comparison with the supersolution Vo, we have

v(zf,y) <vlz+0,y) < Va(z+9).

From Theorem 3.12 we obtain that for all

c€lc(xf,yr) —ee™, c(xf,y;) +ee™], vev (az;,yt) , U (azzr,yt)], (3.17)
_¢*1_1 1—71)71
~PChni -1 PCri
Feelc,v) > i =C1, Fuwlcv)>(y— S = (y,
T (§ ey e S L S e U (oA P o e
el

0 < Fe(c,v) < (1/171 —-) Cs.

(1 =)¥a(z +9))?
There exists C' > max {—C7, —Cq, C3} such that the term (I) in (3.16) satisfies

2
v (mg_vyt) —v (wt_ayt)
2

(1) > —C | [ee"? +

Since ¢ = 2h/T and t < T/2 in (3.16) we have |ee"|? = 46??2

(3.13), we have

< 46;7;}‘2. From Theorem 3.11 and

2 _ 2

vlrov) ol B

5 < oT|| Dol B2,

Therefore from (3.16) we obtain

CTerT (4
o 1) = 20y(0) 3o = 1) > =S (10wl ) 12

and we obtain the local semi-convexity of v; from Theorem 2.3. O
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From Theorem 3.9 and Theorem 3.14 v; is strictly concave and locally semiconvex. Then, from
[20, Lemma 10.7]:

Proposition 3.15. The function v; is WS> in (z,+00).

Below, we prove the expected fact that the value of the productive agents is larger than that
of the unproductive ones:

Proposition 3.16. We have vy > v;.

Proof. Let vy — vy achieve its minimum at Z. Assume by contradiction that va(2) —v1(2) < 0. We
distinguish two cases.
Case 1: & > z. From Theorem 3.10, we deduce that Duvy(Z) = Dvi(2) and

(5424 22) (22(8) = 01(&)) = (s2—y2) Doa(@)+H(&, g, 02(@), Dval@)) = (@1, v1(&), Doa(2)),
—————

-~

<0 >0

the desired contradiction.
Case 2: & = z. Since vy — vy is C' up to the boundary and achieves its minimum at z,
Duvy(z) > Dvy(z). From the state constraint condition,

Hy(z,y1,v1(z), Dvi(z)) = s1(z) > 0,
and, from the convexity of H(z,y;,v;,p) in the p-variable and Duvy(z) > Dvy(z),
H(z,y1,v1(z), Dva(z)) — H(z, y1,v1(z), Dvi(z)) = s1(z) (Dva(z) — Doi(z)) = 0. (3.18)

Subtracting the two HJB equations, we obtain

(g + A /\2) (v2(z) — vi(z))

= (y2 — y1)Dva(2) + H(z, y1,v2(x), Dva(x)) — H(z,y1,v1(2), Dvi(z)),

where

H(z,y1,v2(x), Dva(x)) — H(z,y1,v1(z), Dvi(z))
= H(z,y1,v2(x), Dva(z)) — H(z,y1,v1(2), Dva(z)) + H(z, y1,v1(2), Dva(z)) — H(z,y1,v1(2), Dvi(z)) -

>0 >0, (3.18)

This is in contradiction with the assumption va(z) < vy (z). O

The following proposition states that the savings of the unproductive agents are negative for
all values of z > z. This result is well known in the model involving a CRRA utility but its proof
is more difficult in the present case, because one has to handle the dependence of the Hamiltonian
(hence the optimal consumption policy away from the borrowing limit, see (2.7)) on the value v;.

Proposition 3.17. The optimal saving policy s has the following properties: si(x) < 0 for all
x>z and s1(z) = 0.

15



Proof. We argue by contradiction and suppose s1(&) > 0 for some & > x. We may first suppose
that so(#) # 0 and s1(2) > 0, this implies that the functions v; are C? in a neighborhood of # and
that —oo < D?v;(#) < 0. Differentiating the HJB equations at # leads to

(p— 1) Dui(2) + A1 (D () — Dva(2))

= s1(Z )D v1(Z) + (1 — ;) pDvy () + Hy(2, y1,v1(2), Dvy (2)) Do (2), (3.19)
and
(p — 1) Dva(2) + A2 (Dva(2) — Duy (&)
(3.20)

= Sg(ﬁf)D21)2(:fI) + (1 — ;) pDUg(i’) + H (:1: yz,vg( ) Dvg( ))DUQ( )

If on the contrary, si(2) = 0 or s2(&) = 0, then from Theorem 3.15 we know that the functions
Dwvj; are differentiable almost everywhere and D2vj are essentially bounded in a neighborhood of
Z. Therefore, Sj(l‘)DQUj(x) has a sense at almost every x in a neighborhood of & and we can pass
to the limit. On the other hand, from the continuity of v; and Dwv; with respect to x and the
continuity of Hy,(x,y;,vj, Dv;) w.r.t. v; and Dvj,
alsli)r}rDUJ( ) va(i‘)v }SILI}%HU(.%',yJ,U](.T),DU](.ﬁ))DU](JA?) :Hv('@aijvj('i‘)aDU](i))DU]('%)
Hence, with the convention s;(2)D%v;(2) = lim,_,z sj(x)D?vj(x), we can still write (3.19) and
(3.20) if s2(2) =0 or s1(&) = 0.
Since s1(2) > 0 we deduce
s L=
p¥(Doi()) V(L =) (@) =7 = er() < v+ yn,
1—ep 1—¢ WA= a—y) 11
(Dui(@)' 7 2 p' V(L= y)w (@) 07 (ré+u) 7.

This implies

Hv(ir,yl,vl(:%),Dm(i?)) S —p (1 - ;) ((1 - 7)”1('@»%1;1(7“@ + yl)lii S —-p (1 - ;) : (3‘21)

decreasing in v1(Z)

For the last inequality we used the comparison with the subsolution in (3.2): vi(Z) > (Tiﬁy_lw)l .
This implies
1 N
(1 — 0) pDvy(2) + Hy(Z,y1,v1(Z), Dv1(2))Dvi(2) < 0. (3.22)

If s1(2) > 0, then s1 (2 )D2v1( ) < 0. Moreover, since r < pand Dv; > 0, there holds (p — r) Dvi(z) >
0. With s1(2)D?v1(2) <0, (p — ) Dvy(2) > 0 and (3.22), we deduce from (3.19) that:

Then, from v1(Z) < v2(#) in Theorem 3.16 we infer (notice that H,(x,y,v,p) in fact does not
depend on y):

Hu 2 02(0), Do) < Holm1(2), Do @) < = (1 ). (3.24)
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hence
(1 - ;) pDva(2) + Hy(Z, y2,v2(2), Dva(2))Dva () < 0.
Next, since p > r, Dvo(&) > 0 and Dv1(Z) < Dva(Z),
(p — 1) Dva(Z) + A2 (Dva(2) — Dvyi(2)) > 0.
Therefore, from (3.20) and (3.24) we deduce s2(2)D?v2(#) > 0. But we know that D?vy(#) < 0, so

s2(2) < 0. This gives
Cg(i') > re+ ys. (3.25)

Recall that the assumption s;(2) > 0 is equivalent to
a(z) <rz+uy. (3.26)
With ¢;(2) > ¢min > 0, we deduce from (3.25) and (3.26) that

co() S rT + Yo

a(@) ” ri+y (3.27)
On the other hand,
() _ (D@} (=9)u@) ™ (1-)u@)) ™ (=)@
c1<f>(\;7/)<0v1<a:~>> () E%((l—vvl(i)> <(iwm)

where for the last inequality we used comparisons with sub- and supersolutions constructed in (3.2)
(cf. Theorem 3.5). Recall that b/r > 1, from Theorem 2.1. Moreover lf_ﬁ) < 0, hence

1=y 1=y

We therefore obtain

5 5 1= - b -
r:f+y2<<r;f—|—y2> :><rﬂf+y2> <l = r:f:+y2
rT+ 1Y rT 4+ Y1 T+ Y1 \w;'g’l“l'—Fyl

v

<1,

in contradiction with yo > y;. Therefore, we conclude si(x) < 0 for all x > z. Finally, from the
state constraint s;(z) > 0 and the continuity of s;, we obtain s;(z) = 0. O

Corollary 3.18. If so(z) > 0, then Dv(z) > Duva(z).

Proof. From so(z) > 0, we can differentiate the HIB equation for ve at z. From Theorem 3.17, we
can also differentiate the HJB equation satisfied by v; at x > x and pass to the limit as z — z,

(p—r) Dvi(z) + A1 (Dvy(z) — Dua(z))
= lim sl(x)D%l(;E) + <1 — 1> pDv, (&) + Hv(&, Y1, 1 (£)7 Do, (g))Dvl(g) (328)

T—T 0
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By subtracting the resulting equations, we obtain
(p =7+ A1+ A2)(Dui(z) — Dua(z))
1
= li_r>n s1(xz)D?vy(x) — so(x)D?vo(z) + <1 - 0) p(Dvi(z) — Dva(z)) (3.29)

+ Hy(z, y1,v1(x), Dvi(z))Dvi(z) — Hy(, y2, v2(x), Dva(x))Dva(z).

Since s1(z) < 0 we know that lim,_,, s1(z)D?*v1(x) > 0. On the other hand, sa(x) > 0 implies
—s9(z)D?ve(z) > 0 and finally

lim s1(x)D?vy(x) — so(z)D*vo(zx) > 0.

Tz

By rearranging (3.29) we have

o=+ M+ ) (Do) - Dualw) — (1= 3 ) o+ Hi e 010, D) ) (Do) — Deaa)

= lim s1(2) D?v1(2) — sa(2) D?va(2) + (Ho(z, y1,v1(2), Dvr(2)) — Ho(z, y2, v2(2), Dva(2)) Dva(z),
- (3.30)

Huanon(a) Do) < = (1 5 ) (=) T Gz ) < (1 5). a1

Next we consider

Hv<£7 Y1, Ul(£)7DUI<£)) - Hv(£7 y27v2(£)ﬂ Dv?(i))
= Hy(z,y1,v1(), Dv1(2)) — Hy(z,y2,v2(2), Dvi(z)) + Ho(z,y2,v2(2), Dvi(z)) — Hy(2, Y2, v2(z), Dvo(2)).

From the mean value theorem, there exists x1, vi(z) < x1 < v2(x) such that
Hy(z, y1,v1(2), Dor(z)) = Hy(2, Yo, va(2), Dva(2)) = How (2, 41, X1, D1 (2)) (v1(2) — v2(2))-
From (2.12), v1(z) < va(z) and Dva(z) > 0 we have
Hoyo(z,y1, X1, D1 (2)) (01(2) — v2(2)) Dva(z) = 0.
For some ¢ € (0,1) and x2 = £Dvy(z) + (1 — ) Dvs(z),
Hy(z,y2,v2(z), Dvi(z)) — Hy (2, y2, v2(2), Dva(2)) = Hup(2, Y2, v2(2), x2) (Dv1(2) — Dva(z)).

From (2.11), Hyp(z,y2,v2(z), x2)Dv2(2) < 0. Combining (3.30) and the observation above yields
Duvi(z) > Duva(z). d

A consequence of the above results is that the value of the unproductive agents is singular at
the borrowing limit.

Corollary 3.19. We have
lim D?v;(x) = —o0. (3.32)

T—T
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Proof. We deduce from (3.31) that

(1 - ;) pDvy(z) + Hy(z,y1,v1(x), Dvi(x))Dvi(z) < 0.

With this inequality, p > r, Theorem 3.18 and (3.28) lead to

0 < (p—r)Dvi(z) + M\ (Dvi(z) — Dva(z)) < lim s1(2) D?vy ().

r—x
This implies the desired result. O

The following proposition provides a sufficient condition under which the savings of productive
agents are negative for all x > x. In this regime, productive agents decumulate capital regardless
of their wealth.

Proposition 3.20. Suppose r > 0 and

(g - 7”) (rz+y2) Y+ dg | (rz+y2) Y = (rz 1)V | > 0. (3.33)

<0
Then so(x) < 0 for all z > z and s2(z) = 0.
Proof. We argue by contradiction and suppose that there exists & > x such that sa(Z) > 0. Then

1—vy1

A~ NEEEeY

() <rid+ys and  Duy(#) > p(ri + y2) VY (1 — 7)ve(#)) 2T,

From Theorem 3.17, s1(Z) < 0, hence

11—~

ci(@) >ré+yi and  Dvi(2) < p(ré +y1) VY1 — y)v1(2)) P00

With Theorem 3.15, if s9(2) > 0 we differentiate the HJB equation for vy at & to obtain

(& =7) Dva(@) + A2 (Dv(&) = Don (@) = sa(#) D?va(#) + Ho(#, . va(&), Dua(#)) Dva (&) < 0.
(3.34)
If s2(Z) = 0 we obtain (3.34) by differentiating in a neighborhood of # and pass to the limit.
Let us consider the case g — 14+ Ay < 0. In this case,
(&=r) O +y) ™ 42 | (ré+92) Y = (e +y) 7 | <0, (3.35)
<0
hence L 1w
g—r+A i
gt _ <r:1Ac —I—y2> - (rx—i-yz) (3.36)
A2 T+ Yy re +yi

where for the last inequality we used yo > y1, r& > rz, re +y; > 0 and 1/¢ > 0. It is easy to see
that (3.36) contradicts (3.33).
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Now let us consider the case when § —r 4 Ay > 0. From (3.34), we obtain that

. 1—~7
b_ 3 —1yp ((02(2) PO . ~1/4
(6 r—+ )\2) (7’:1? + y2) <Ul (.’i‘) )\2(7".1' + yl) < 0

N JON Seie i
Since v1(%) < wva(Z) < 0 and wl(%ﬂ;) < 0, we observe that Z?Ei; < 1, thus (%) N

We recover (3.35) and then (3.36), in contradiction with (3.33). We have therefore proved that
sg(z) < 0 for all z > z and conclude s2(z) = 0, from the state constraint condition and the
continuity of so. O

By contrast with Theorem 3.20, the following proposition contains a sufficient condition for the
savings of the productive agents at the borrowing limit to be positive.

Proposition 3.21. Suppose 0 < r < p and

(p—7r)rz+y2) Y+ x| (rz+y2) VY — (rz + 1) "VY | <0, (3.37)
<0

Then sa(z) > 0.

Proof. We argue by contradiction. Suppose sa2(z) = 0. Since co(z) = rz + y2 and using the
comparison with supersolution found in Theorem 3.5,

Hy(z,y2,v2(z), Dva(z)) > — (1 - ;) p (5)79 > — (1 — ;) p.

——
<1
Moreover si(z) = 0 and sa(z) = 0 yield
— —1/y eeen) — —1/¢ T
Dui(z) = p(rz +y1)~ " (1 = 7)oi(2)) 0 and Dug(z) = p(rz +y2)~ /% ((1 = 7)va(2)) 7.
(3.38)

From the continuity of so, we may define
6T =max{6 >0: sa(x)=0Vz € [z,z+ ]},

and consider different cases.
Case (I): If 6T > 0, then

11—y

Dus(x) = p(rz +yo) /P (1 = y)va(x)) 70—

for x € (z,2 +6%] and

DPus(a) = — Lo+ y2) "5 (1 = y)s () P
+ 02T a4 V(1 = () T
> — %(pm + )7 > —%(/@+ y2) 7,
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for x € (z,z +61). Hence, lim,_,, so(x) D?*vq(x) = 0 and
(p = 7) Duz(z) + A2 (Dva(z) — Dui(z))

= lim 82($)D2’U2($) + <1 — 1> pDva(Z) + Hy(z, y2,v2(x), Dva(z))Dva(z),

Tz 0

hence
(p —r) Dua(z) + A2 (Dva(z) — Dui(x)) > 0. (3.39)

From (3.39), (3.38) and v1(z) < v2(x), we then find the desired contradiction with (3.37).

Case (II): Now we consider the case 6T = 0.

Case (II1): We first consider the case that * = 0 and there exists a sufficiently small ¢ > 0
such that either sy(z) > 0 or sa(z) < 0in (z,z + ¢€).

(1): Suppose sa2(z) < 0 in (z,z + €) then liminf,_,, so(z) D?ve(x) > 0, therefore we have (3.39)
and hence a contradiction with (3.37).

(2): Suppose s2(z) > 0 in (z,2 + ¢), we claim that it is impossible that lim,_,, D?ve(z) = —oc.
If lim,_,, D?vs(x) = —00, there exists & € (z,z + €) such that

Dsy(x) = 1+ p” (Dvs(2)) ¥ "1((1 = y)va(2)) T D2va(a)
— (1= )p* (Dus(2)) (1 = Y)oa(w)) T3 7' <0, Va € (x,).

(3.40)

Therefore, s2(%) < 0, in contradiction with sa(x) > 0 for x € (x, z+¢). Since lim,_,, D?vy(z) =
—o00 is not possible, we know there exists a sequence z,, — z such that

. 2 o
wlnlglg so(xn)Dvo(xy) =0

and we again obtain (3.39), in contradiction with (3.37).

Case (I12): We consider the case that 67 = 0 and there exists x,, — z such that sa(z,) = 0.
Again, we claim it is impossible that lim,,, ,, D?v2(z,) = —oo. Otherwise, for sufficiently small
xn we can show, similarly to the calculation in (3.40), that Dsy(z) < 0 for all = € (z,xy), hence
so(zp) < 0. Having ruled out the possibility that limg, D2U2(l'n) = —o0, we can extract a
bounded subsequence of D?v(z;,) and obtain (3.39), in contradiction with (3.37). O

The next result deals with the behavior of s9 as z — +oo.

Proposition 3.22. Suppose p > r and so(z) > 0. There exists T > z such that s2(Z) = 0 and
so(z) <0 for allx > Z.

Proof. Let us assume that for all & sufficiently large, so(#) > 0 and look for a contradiction.
Differentiating the HJB equation for vs at & leads to (3.20). From s3(Z) > 0, we obtain c2(z) <
rZ + y2. The comparison with subsolution found in Theorem 3.5 yields

(rz + yl)l_7

) >
va(Z) > T
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From the monotonicity of H, ((2.11) and (2.12)), we obtain

S N R 1 A + 1_,[#71
Hy(Z,y2,v2(Z), Dva(%)) < —p <1 _ 9) (Tgf y2> .

We deduce from (3.20) that

1

1 T + Yo 1-¢ Ao Duq (i)
PP 1) (1- 228018
port 2<p< 9>< <m:~+y1> T Du@)

From Theorem 3.17, ¢1(Z) > r& + y1, hence

1—~

bt (20" () < (e

- (1 1) ) (r;f:—I—yz)l_Wl 4 (ra@+y2>¢_l 1
—r - = — —-1].
p p 0 rT -+ Y1 2 rT + Y1

Passing to the limit we obtain

1 T+ 1Yo 1=y rT + Yo w7
lim p(l—) 1—<A ) + A (A > —1) =0,
T—+o00 0 rT + Y1 rT 4+ Y1

a contradiction with p > r. The existence of Z then follows from the continuity of ss.

therefore

4 Analysis of the Fokker-Planck-Kolmogorov equation

Let us state the weak formulation of the system of Fokker-Planck-Kolmogorov equations:

(4 g e @)y ()] + Agm(e) — Agm () = 0.

(4.1)

Definition 4.1. The measure m with m = .. 5, m; ® 6y, (y) is a weak solution to (4.1) if for

all test functions (¢1, ¢2) € (C2([z, —|—oo)))2 and j € {1,2},

/ Ajdj(x)dm; —/ )\]¢j(x)dm]:/ sj(x)D¢j(x)dm;.
>z 2>z r2T

(4.2)

In the stationary regime, the singularities in the wealth distribution may appear only at x or
Z > z such that s;(Z) = 0 or s2(Z) = 0. It has been proven in Theorem 3.17 that s; does not
vanish in (0,+00). On the other hand, the asymptotics analysis at the points where sy vanishes
show that, with the optimal strategy, it takes an infinite time to reach these points. Therefore,
the wealth distribution of the population labeled j has a density g; in (z,400) and may exhibit a

Dirac mass at z, of the form p;6,. We can then write the probability measure as

dm; = gjdx + p;o.
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We denote by Gj(z) the cumulative distribution function:

Gj(z) = pj + /x gj(z)da. (4.4)

We may rewrite (4.2) as follows
| uasle) = dgyfa) dyla)dz+ Oy =dom)es(@) = [ s5(w)ay @)Dy () 112100 o).

Lemma 4.2. Given any r such that 0 <r < p, let m =301 9y m; ® by, (y) be a weak solution to
the FPK equation. Then we have

T—r—+00

+o0o 400 -
lim Gj(x) :/ dmj = +/ gj(x)dz = — J

Proof. By taking the test functions ¢; = 1 in (4.2) we have

“+oo —+00
)\1/ dm1 = )\2/ dmg, (4.5)

we then obtain (4.5) from f;oo dmy + f;oo dms = 1. O

Let Z be defined as in Theorem 3.22. We first observe gi(z) = g2(x) = 0 for all = such that
x > T, because the optimal policies consist of decumulating wealth when x > Z, so the stationary
distribution must vanish in this region (cf. [31]).

Lemma 4.3. Assume r satisfies 0 <r < p and s2(xz) > 0. Then we have
s1(z)g1(x) + s2(z)g2(x) =0 Vo > z. (4.6)

Proof. From the FPK equation we can derive for all z > z,

d
7 (51(2)g1(2) + 52(2)92(2)) = 0.
Moreover for = > &, s1(x)g1(z) + s2(x)g2(z) = 0, therefore we obtain (4.6). O

If so(z) > 0, from Theorem 3.22 and the continuity of sy, we know that there exists &
T =min{x : sa(z) =0}. (4.7)
X

It is clear that ¥ < Z and s2(Z) = 0. Moreover, sa(x) > 0 for all z < z. We recall that z in
Theorem 3.22 is the last point where s2 vanishes, i.e. so(z) < 0 for all z > z.

Proposition 4.4. Assume sa(z) > 0 and let T be defined by (4.7). Then, there exists kg such that

the densities are given by
Ko m A1 A2 > >
ex - - dz |, 4.8
e (] (a5 )

Forallz € (z,7), gi(z)= —51”(233) exp </: <_51A(1Z) B 53(22)) dz) , (4.9)
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Proof. For all x € (z,7), s2(z) > 0 and s1(z) < 0, we can write
T e = (-3 - 2 ) (o). (4.10)

From s3(z) > 0 and s;(z) = O(y/Z — z) near z (see Appendix C), we infer — 21 22 s integrable

si(xz)  s2(x)
s1(z)  s2(x)

in a neighborhood of z, which allows us to integrate (4.9) in [z, z) for any = € [z,Z). We obtain
that there exists ko > 0 such that for all = € [z, %),

0= tgoe ([ ot - at®)

It is clear that ko = go(x)s2(x). We then deduce (4.9) in (z, %) from (4.6). O

Proposition 4.5. Assume sa(z) > 0 and let T be defined by (4.7). Then, gj(x) =0 for all z > 7.

Proof. The densities satisfy g;(z) = 0 on the set {z : T < 2 < &, sa(x) < 0}. This follows from
Theorem 3.17 and Theorem 4.3.

Next, we show the densities g;(z) = 0 on the set { : ¥ < x < Z, sa(x) > 0}. This is an open
set, i.e. a countable or finite union of disjoint intervals Iy = (ag,br). We know that, if a # = then

Sg(ak) = Sg(bk) = O, DSQ(ak) Z 0. (4.11)

If so(ar) = Dsa(ag) = 0, then so(x) = o(x — ag). Therefore, (4.11) implies sa(x) = O(x — ay) as
x — ag,y. We now choose £ € I}, and denote Ci = s2(£)g2(§). If g2(£) > 0, then by using (4.10),
we obtain

g2(x) = siﬁ;) exp </; <_s1>\(1z) - sj(i:)) dz) - a1lw) = _516;];) P </: <_51)\(1Z) - Sjé))(fi).

We note that £ > ag, s1(x) is bounded away from 0 if x > Z. We thus infer that exp (fg (— 81)‘(12)) dz)

is bounded and exp ( fg ( A ) dz) > 0 for all x in a right neighborhood of a;. We then deduce

52(2)
from sy(z) = O(x —ay) that the density gp proposed in (4.12) is not integrable near aj, ;. Therefore
Cr =0 and ga(z) = 0 for all z € I;. Finally, (4.6) and s1(x) < 0 give g1(z) = 0 for all z € Ij.
Finally, we consider &, such that s2(x) = 0 in a neighborhood of . We deduce from (4.6),
s2(%) = 0 and s1(%) < 0 that g1(&) = 0. From (1.5), we obtain g2(Z) = 0. O

Corollary 4.6. Assume sa(z) > 0. We have
Ko = A1j41.

Proof. Note that po = 0 because sa(z) > 0. From (4.5) and ua = 0, we deduce

— A1/ :)\1/ gl(x)dx—f—)\g/ g2(z)dz.

By integrating the FPK equation for g», we then obtain

z+1
A= [ T (20 (:) s = 52+ D@+ 1) = i sala)on(e).

From Theorem 4.5, so(Z + 1)g2(Z + 1) = 0. The result follows from (4.8). O
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Proposition 4.7. There ezists + > 0, for all r such that 7 < r < p, the aggregate wealth Kr| is
positive and depends continuously on r.

Proof. Let r®) — r with r < p, we have sgL)(x) < 0 and sg) (z) > 0. From Theorem 3.13 we know

that sg.b) converges to s; locally uniformly. For any x > Z such that sy(z) < 0, we can obtain

§L) (x) < 0 with ¢ sufficiently large. For any M > Z, for ¢ sufficiently large, the measure m' is

J
supported in [z, M]. Hence we can extract a subsequence (mgb), mg)) which converges weakly in

the sense of measure and the limit (7, m2) is supported in [z, Z]. By passing to the limit in the
weak form of FPK equation (4.2), we obtain that for all test functions (¢1, ¢2) € (C2([z, M)))27

S

/zzx Ajj()ding — /zzx Asoj(x)dimg = /xzw sj(@)Dej(x)dm;. (4.13)

The solution of (4.13) is unique, namely given (m,mgo) defined by (4.3). Therefore, the whole

sequence (m(f) , mg)) converges weakly to (mi,mg). Recalling (1.8), we see that

M
K[r(‘)] = Z / acdmy),
je{1.2 7%
and conclude that K[r()] converges to K[r]. O
With similar arguments as above, we can study the situation when sy(z) = 0:

Proposition 4.8. If so(x) =0, then m; = ﬁ% and my = ﬁ@.

5 Existence of solution to the Mean Field Game system

5.1 Nonexistence of invariant measures when r = p

In Section 4 we have shown that the aggregate wealth depends continuously on the interest rate
r. We now show that the aggregate wealth blows up as r — p. For this purpose, we consider
the limiting case r = p. For b defined in Table 1 and b = p, the sub and supersolutions given in
Theorem 3.5 become:

(i, dy) = <(px—|—y1)17 (pa;+3/1)17>’ (32, ) = <(px—|—y2)17 (px—i—yg)lv). 5.1)

1—v 7 1—7 1—y 7 1—7
Proposition 5.1. If r = p, then so(x) > 0 for all x > z.

Proof. 1t is clear from Theorem 3.21 that so(x) > 0 if r = p. Next we argue by contradiction and
suppose s2(Z) < 0 for some & > z.
Step 1. Suppose s2(Z) < 0. From Theorem 3.15, we can differentiate (3.19) and (3.20) at &:

A (Dvl(ﬁr) — D’Ug(i)) = Sl(f)Dz’Ul(fI)—i- (1 — ;) pDuvy (i’)—kHv(ﬁ;,yl, Ul(if,’), Duvq (.%))D’Ul(:i'), (52)

A2 (D’Ug(ﬁi) — Dvl(;%)) = 82(@)D2U2(§3‘)+ <1 — ;) pDUQ(.f)—I—HU(.f, Y2, ’UQ(i‘), DUQ(.%))DUQ(QAT). (5.3)
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From (2.11), (2.12), (5.1) and s2(Z) < 0 we can infer

Hy (&, y2,v2(2), Dva(2)) = — <1 - é) 2

hence

1
<1 - 9> pDva () + Hy(Z, y2,v2(Z), Dva(&))Dve(z) > 0. (5.4)
Inequality (5.4), with so(2)D?v9(2) > 0 and (5.3) lead to Dvg(2) > Dvy(2). This and ve(2) > v1(2)
yield

1

Hy(z,y1,v1(2), Dv1(2)) > Hy(Z,y2,v2(Z), Dva(2)) > — <1 — 0> 0,

hence

<1 - ;) pDv1(3) + Hy(#, y1, v1(2), Dvi(3)) Dvs (3) > 0.

From (5.2), we obtain s1(2)D?v1(2) < 0. Since D?v;(2) < 0, this is in contradiction with s1(#) < 0
(obtained in Theorem 3.17).

Step 2. Suppose s2(&) = 0, we can differentiate (3.20) in a neighborhood of Z. Moreover, from
Theorem 3.15 we have lim,_,; so()D?va(x) = 0. We proceed similarly as in Step 1 and omit the
details. O

The following proposition describes the asymptotics of the savings in the limit © — +o0o. The
proof is in Appendix B.

Proposition 5.2. Assume that r = p. As © — +o0,

s;(@)
A (Y5 — )
= 28 90 4 (1
5.5
N ) AN ) | AN AT RN Aj (pz + ;)"
pPEATA 2(p + A +2y) P+ +2)% (p+A+A9) ’

+o((pz +y1) ).

Theorem 5.2 allows us to show that when r = p, there is no stationary measure. The following
result is proved in Appendix B.

Proposition 5.3. Assume that r = p. Let v; solve the HJB equations (1.4). The FPK equation
(4.1) does not have a solution. In other words, there is no stationary probability measure when

r=p.
In the next result, we show IC(r) becomes unbounded as r — p.

Corollary 5.4. For any constant Cx > 0, there exists 7 € [0, p) such that the aggregate wealth

K(r) > Ck. (5.6)
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Proof. Suppose (5.6) does not hold and we consider a sequence ) — p, r() < p, such that
K(r®) < Ck.

It is easy to obtain for all ¢,
/ ]w|dmgb) —I—/ |x|dmg) < Ck + |z|, / |:L‘|dmgb) +/ |x|dmg) < Ck + 2|z|.
>0 >0 T>T T>T

It follows that the sequence of probability measures m(®) is tight (cf. [31, Proposition D.5.2 and
Lemma D.5.3]). From Prokhorovs theorem, we can extract a weakly convergent subsequence of
m®). By passing to the limit in the weak form of FPK equation (4.2), we obtain a solution to (4.2)
with 7 = p and a density defined by (4.3), in contradiction with Theorem 5.3. O

5.2 Existence of solutions to the MFG system

We now consider the existence of solutions to the Aiyagari model.

1/4
P Y2
— > [ = —1. 5.7
02 <91> (5:7)

There exists a solution to the Aiyagari model (1.7)-(1.11) with the equilibrium interest rate r* such
that 0 < 7r* < p.

Theorem 5.5. Suppose

Proof. We have shown, with Theorem 3.8, the existence and uniqueness of the solution to the HJB
equation and optimal saving policy sy) for each r. We recall the notations for the aggregate asset
K[m] and K(r) given by (1.6) and (1.8). We rewrite the equilibrium condition for the Aiyagari

model (1.11) as

N
It follows directly from Theorem 4.7 that B(r) depends continuously on r. Let us take

1
§ \ -1

From Theorem 5.4, there exists 7 > 0 such that IC(7) > Ck, hence 7 — B(7) > 0.
From condition (5.7), there exists 7 > 0 sufficiently small such that

— 70 A /¢
p—r ><r:v+y2> 1

7 = B(r*), st B(r) = Aa <’C<T)>a_1 — 6.

02 T + Y1 (58)

(

We use sf) to denote the saving policies corresponding to r = 7. With Theorem 3.17 and

Theorem 3.20, we have sy) (z) = 0, sgf) () < 0 for all x > z. This gives £(7) = z < 0. From
the continuity of K(r), given by Theorem 4.7, there exists ro, # < ro < p such that K(r9) = 0,

hence 79 — B(r9) = —oo. From the intermediate value theorem, there exists r* € (rg,7) such that
r* — B(r*) = 0. O

The analysis of the Huggett model is very similar and we only state the result.

Theorem 5.6. Assume x < B and (5.7), then there exists a solution to the Huggett model
(1.7)-(1.8) with the equilibrium interest rate r* such that 0 < r* < p.
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6 Numerical examples

We report on some numerical tests with the Aiyagari model, fixing

Discount : p = 0.05, income : y; = 0.1, yo = 0.5,
Transition rates : Ay = 0.4, Ay = 0.4, Debt limit : z = —0.15. (6.1)
TFP : A =0.95, a = 0.35, Depreciation : § = 0.1.

We considered four different cases. Hereafter, we enumerate the different cases and the related
interest rate r* at equilibrium:

o Test 1: y=2,1¢ =0.8, r* =0.034.

o Test 2: v=2,9% =04, r* =0.0246.

o Test 3: y=4,9v =04, r* =0.018.

o Test 4: v=1.2,¢ =0.4, r* =0.02737.

It is important to notice that only Test 2 and Test 4 satisfy the assumption v < 1. Test 1 and
Test 3 do not actually fall into the theoretical framework of the present paper. Yet, we observe
that our numerical algorithms continue to perform well in these settings.
For comparison, in the CRRA case with 7 = 1/¢) = 2 we obtain r* = 0.027942.
Interpretations:

e Fixing «, r* increases as v increases. As agents are more willing to consume, the aggregate

capital decreases.

o Fixing 1, r* decreases as 7 increases. As agents are more risk averse, they favor more
precautionary savings near .

We now plot the consumption and saving policies. For plotting the asset distributions, we truncated
the upper range using a percentile-based threshold to avoid that the high values related to the Dirac
mass hide the other ones. In the plots, we use solid lines for results from Test 1 and Test 3, dotted
lines for Test 2 and Test 4.

We observe in Fig. 4 that, given the same 1, agents in the model with higher risk aversion
(Test 3) exhibit higher savings when their asset level x is close to the borrowing limit z. This occurs
despite the fact that the equilibrium r* is substantially lower in Test 3 than in Test 4. Savings in
Test 4 eventually exceed those in Test 3 as x moves away from x. This pattern suggests that, near
the borrowing constraint, the precautionary savings motive dominates the effect of interest rate
differences, whereas the latter becomes more influential at higher asset levels.

7 Discussion and future works

In the near future, we plan to address the other situation, namely v > 1, when the agents favor
early resolution of uncertainty. Many of the arguments contained in the present paper will have to
be modified, and we plan to build on the existing literature on recursive utilities in discrete time.

Another direction of our future research concerns the analysis proposed in Section 5 and Ap-
pendix B in the limit situation when r = p, that is based on a second order expansion of the saving
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Figure 1: Consumption with v = 2: Test 1 and Test 2
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Figure 2: Consumption with ¢ = 0.4: Test 8 and Test 4
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Figure 4: Saving with ¥ = 0.4: Test 3 and Test 4
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policies as © — +o0o. This method is specific to the two states income process in the present paper.
It would be desirable to find a robust method that would work for general income processes. This
may require using alternative arguments from the literature on the stability of Markov chains, see
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e.g. [31].

The present paper contains numerical results but, for brevity, we have chosen not to describe
nor analyze the numerical methods that were used. We plan to address the numerical analysis of
two different methods (finite differences and a semi-Lagrangian method). More precisely, we plan
to investigate the convergence of the scheme (with the Barles-Souganidis theory, cf. [6]) and to
study convergence rates as in [14].

Finally, the present paper considered models where there is no aggregate uncertainty impacting
the economy globally. To consider aggregate uncertainty as in the Krusell-Smith model [28], one
needs to study a master equation on the space of probability measures, cf. [13]. The numerical
simulations of the master equation in continuous-time heterogeneous agent models have been ad-
dressed in the recent literature [7, 21]. It would be interesting to investigate the master equation
arising in models with recursive utility.

Appendices

A Proof of the strong comparison principle

Proof of Theorem 3.3. We assume by contradiction that

mjax sgp(uj(a;) —vj(z)) =6 > 0. (A1)

Step 1. First we consider the case when the sup in (A.1) is achieved at z, i.e.

maxsup(u; (z) — v;()) = max(u;(z) —v;(z)) = 0. (A2)

The supersolution is defined only in (z,400), but from its lower semicontinuity we can extend it
to & with v;(z) = liminf.—z »>z v;(2). There exists a sequence (, such that

vi(G) > vj(z) as G —az, je{l,2} (A.3)

We denote € = |(x — z|. Consider the function

PG, 2) = uy(a) — vy () - E 2 (- 1)_]2 e af? (A.4)

€k €k

Let 1)y, attain its maximum at (ji, xk, 2x). Since Vi (jr, Tk, 2k) > Vi (J7, Tk 2), We obtain

uz, (k) — ujy (zk) < vy, (28) — v, (28). (A.5)

We now show
Uk (ks T, 28) = 6 — o(1) > 0. (A.6)

2
From [(C’ggj - 1) _] = 0, we have
Vi (ks Ty 20) = m]aX¢k(j,L Ck) = m?X(Uj@) — (&) — |z — Gl — 1 — )
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From (A.3) we obtain max; ¥ (j, z, (x) = 6 —o(1) and therefore (A.6). From ¢y (jk, zk, zx) > 0 and

the boundedness of uj, (z5) and vj, (2;) there exists a constant C' > 0 such that % < C, hence
xr — 2z, — 0 as ¢ — 0. From (A.6) we deduce

Lim inf(uj, (k) = vj, (2k)) 2 Lo inf gy (G, 2k, 26) 2 0.

On the other hand, since uj, (zx) — vj,. (2x) is u.s.c.,

lim sup(ujk () — ij(zk)) < maX(Uj@) - Vj@)) =9,
k—+4o00 J

hence limy_, 4 o0 (uj, (x5) — vj, (21)) = 6. We then obtain
— |2 2
|xk zk| + [< ) } + |z — 2|2 = 0, as €p — 0.

This gives 2z — xp > € — €,0(1), which implies z; > x, hence we can use the supersolution property
at zr. We set

2 —
Ak:<z’“ xk—l) .
€L €k _

Since ¥y (j, x, z) achieves its maximum at (xg, z), we have

2@k —2k) Ak) + Aji (U (r) — ugp (zx)
€k

2(xk — 21)
€k

gujk (zx) <H <5Uk,3/jkv uj, (Tk),
, (A7)
o) 2H (v ), #8= 2= 2) ) Ay (o) — i)

From the coercivity of H and boundedness of v;, , it follows that w + Ag — 2(z — x) is positive
and bounded. Subtracting the two inequalities in (A.7) and using (A.5), for k sufficiently large, we
have

£ (@) = v, (1))

2(rr — 2k 2(x — 2k
< H <xk7yjk7 Uy (Cﬂk), g + Ak> - H (xkayjkvvjk (Zk)’ g + Ak)

€k e
(I)<o0
2x — 2 N — 2
+H <xk7yjk’vjk(zk)7 (kekk) + Ak) —H (Zkayjk7vjk (21), (kekk) + Ap —2(z — :n))
2(z — 21) _
< r(zk — 2x) P + Ag ) +20r2p + y5,) (21 — )
(INH<o0
o) Y (2 ) o .
P Tk — 2k _p k — %k B B
! Y1 ( €k +Ak> P —1 < €k + Ak = 20z x)) (1 = 7)vjp (2k))
(II}r)<O

< 2(rzi + y5,) (2 — 2).
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In (A.8), (1) follows from (2.10) and limg_ 1o (uj, (zx) — vy, (2)) = 6, (IT) follows from z, > xp,
and (I11) follows from the monotonicity of (p'=%)/(y) — 1). We then obtain uj, (xx) — vj, (2) — 0
as €, — 0, in contradiction with (A.6). We have shown that (A.2) cannot hold.

Step 2. Now we consider the case when the supremum of uj(x) — v;(z) is not achieved at z, i.e.

max sup(u; (z) = vj()) = & > max(u;(z) = v;(@)) (A.9)

Let us define the function h(z) = 3 In(1+ |z —z|?). From (A.9), one can show that for a sufficiently
small 8 > 0, we can find 0 < d2 < § such that

mjaxsgp(uj(:c) —vj(x) — fh(z)) > 62 > mjax(uj(g) —vj(x)). (A.10)

We now consider the function

|z — 2|2

O(j,x,2) = uj(z) —vj(z) — — ph(z). (A.11)

Since ®(j,x, ) is u.s.c., and fh(z) — +00 as z — +00, we can assume that ®(j, z, z) achieves its
maximum at some (J, T, z¢) such that z¢, ze < 400 if § > 0. Now we fix 5 such that (A.10) holds
and

B}
Blp+y2) < 4%), (A.12)

where 6 is defined in Table 1. It is obvious that ®(je,zc, 2¢) > max;sup, (u;(z) — v;(x) — Bh(x)),
hence (A.10) yields
D (je, e, 2¢) > g for all e.

The boundedness of u; and v; yields
|Te — 2] >0 as €— 0.

Classically, we then infer that

2
Pe—2l” o a5 e
€

We then extract subsequences z, and z, that both converge to some xz* and such that j., converges
to j*. From the semicontinuity of u; and v;, with (A.12), we get

uje (27) = vy (%) 2 lim sup(uj, (2e,) = Vi, (260)) 2 @i ey 2) > 2. (A.13)

It follows from (A.10) and (A.13) that * > z. For brevity we write the sequence (ji, Tk, yx) instead
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of (Jer, Tep» Yep ). From Theorem 3.1 we obtain

£ (@r) = vy ()

2($k — zk)
€k

2(1‘k — Zk)

< H (i’k,yjka uj, (k) €k

+ BDh(:L‘k’)> —H <$ka Yir s Vi (Zk‘)7

(I)<0

+ 5Dh($k)>

2(9612;%) + BDh(:Ek)) —-H (Zk:ayjk’vjk(zk)’

2(wg — Zk))

+ H (xkayjkvvjk (Zk), e

<z — 2k) <2(xk€k_2k)> + B(rzx + yj, ) Dh(xy)
(I1)

p¥ 2(xe — 2e) v p¥ 2(xp — 2k) 1-¢ ‘ 1w
o1 < - +5Dh($k)> b ( o ) (1 — ), (z1))

(I111)<0

_ 2p(xk — 2)° oy
- €L 46
(A.14)

In (A.14), (I) and ([II) are dealt with in the same way as in (A.8), cf. Step 1. It follows
from (A.12), with Dh(xy) < 1 and z3Dh(z) < 1, that (1) < %”. Passing to the limit yields
ujx(x*) — vj=(2*) < d2, in contradiction with (A.13).

Combining Step 1 and Step 2, we have shown that (A.1) cannot hold, leading to the desired
result. O

B Asymptotic analysis as © — +o0 in the case r = p

Proof of Theorem 5.2. From Theorem 3.16 and (5.1), we know that if » = p then

(pz +y1)' (pr +y2)' "
=L <w(z) <wve(x) < —— Vr>az. B.1
-y =@ =e@=Ta (1)
From s1(z) < 0 when z > z, we deduce
1w _ _
pr +y1 < p¥(Dvi(2)) (L = yoi(x)) =7 < p¥(Dui () (px +y2)' 7,
1=y
— [ PTF Y2
0 < Dvi(x) < p(px + K < > . B.2
1(x) < p(pz +y1) pr— (B.2)
Similarly,
1=y
[ PTF+ Y1
D > + T . B.3
(o) > g+ () ©3)

We then proceed in 2 steps.
Step 1: From (B.1), (B.2) and (B.3), we may look for a first order expansion of v; in the form

(pz +y;)' "
i(x) = ’

(1 _’7) +Zj(:E).
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with
zj(x) =O(z77) and Dzj(z) =O0(x 7).

From

1— -
(Px(;__y%y)) v B (pfv(ii—_yl’;) 7 —(pr4+y1) (2 — 1) = 01,

we infer
P
(5 + Aj) vj(x) — Ajuz(z)

Y S
= LI () (0= 1)+ (54 ) 24(0) — Ajzs(o) + 06

On the other hand, from (2.4) we deduce

E{C37yj7vj(x)7l)vj(x))

v -
= (pr ) D) & 57 (D)™ (1 =)o) T
1— p¥ —y 1—3) 1-yw
= p(pz+y)) 7+ (pr +yj)Dzj(a) + 7 (p (o +95) 7" + Dzj()) (L= 7)) =
(1
A=y
AV VA (pfjj{)l + <; - 1) pzi(z) + O(a~'77).
(B.4)
To obtain the expansion for (I), we observe
19
o 5\
(=) = = (o (1 = ) T
then, expanding to the order O(z~177), we obtain
p’ (p (px + ~)_7—|—Dz-(x))1_w( x4 y;) Y <1_|_(1_ ) zj(z) >lljf
g1l T DR @)t Doty
~ ﬁ (pz+47)' " (1+p7" (pr + )" Dzj(2)) " <1 +(1— vw)wij(;;l_v)
A= 1—
B () Dy (a) + -2 (o)
—1/6—1

From the HJB equation for v; we obtain
(p+ ) zj(2) = Njzg(x) = Ny (px +y5) " (y5 — y;) + O(a™177), (B.5)

Solving (B.5) up to terms of order O(z™7), we obtain that z;(z) ~ Zj(z) as  — 400, where

~ A (pr +y;) "7 (7 — y5)
() = _ B.
%(@) PN+ N (B.6)
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Note that

—1—v
= PYA; (px yj) (yj yj)

Dz ) B.7
zj(x) PES W (B.7)

Step 2: Second order expansion. Let us set

ooy = LX) T

(1-7)

where, from the previous step, g;(z) = O(z7177) as z — +o0. Unfortunately, we do not have yet
any better information on Dg;(x) than the estimate Dg;(z) = O(z~177).
The HJB equation for vj(z) becomes

T A=
: (“)(f_y,j) P2+ qj<x>)

= (pz +y;) (p(pz + ;)77 + DZ;() + Dgj(x))

+zj(z) + g;(x),

o )T (107 (o + ) (DZ5(0) + Dy (@) (1 +(1- ~y><p+y(§)
(1)
) x A
+ A ((% + z5(z) + qj‘(:v)> — (% +2j(z) + qj(gg))) '

We aim at simplifying (B.8) by using the a priori information on the behavior of g; at infinity. We
start with the term (I): we observe that

54 s 19
<1 + (p;ym(Dzj(x) + qu(:v))>

14 2L ) (DB o) + Day(a) — T i+ 45 (Do) + D) + O,

and that

1+ @ =)oz + ) " (Z(x) + qj(z))) T
=14+ (1 =) (px + ;)" ' (Zj(2) + @;(2)) + = (1 = y) (1 — ¥)(pz + y;)**27(x) + O(z?).

Hence the term (7) in (B.8) satisfies

_plpz+y)'
W=7
1+ L7 4 4,)7(DZ;(2) + Daj(a)) + (1 — v (o + ;)7 (3() + 45(2))
_u;pg))w(/)x +y;)*(Dzj(z) + Dg;(z))* + %(1 — ) (1 = ¥)(px + ;)27 (x)
1—-9

+T(1 — ) (px +y;)* (2 (@) + q;(2))(DZj(x) + Dgj()) + O(x™)
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= 557 ) 7 4 (G- p) (Bi0) + ai(0) — (o +45) (DZ4(2) + D ()

. (pz +y;)" 1 [DZ;(2)? = (1 — 1) (px + y;)" Z;(2) DZ;(x)

2p
(12)

(1)
1-— ~
LT (g e

2
(13)

¢ (p +y;)
2p
From (B.6) and (B.7), we obtain

* (1Dg;(x)]? +2DZ;(2) Dg;(x)) — (1 — 1) (px + y;)" Zj(x) Dg;(x) + Oz~ 772).

un—am—uw—p”(’“f< ) (- )
= i) Pt B

We also notice that z7 satisfies the equation

AL 1 (yg — y1)?
1\ (pz +y1)” " (y2 — y1) L O ),

M) 21 (2) — MB(x) = A (s —
(p+ A1) z1(x) — Miz2(x) = M (pr +y1) " (Y2 —y1) + M N

and we observe that

1— 1—
(Px(f_yz)) 7 _ (p:c(1+_?/1’y)) 7 = (pz + yl)*"/ (y2—y1) — % (px + yl)*1*7 (y2 — y1)2 + O(x,g,v)'

By using the equalities above, (B.8) becomes:

(p+ A1) qr — Miga — E (pr + yl)wl (\D‘h(l’)’z + 2D21(95)DQ1(33))

2p
+ (L =99) (pr +31)? 21 (2) Dgu () (B.9)
A1y 1y 2 < pAL 2X2 > oo
_ MY _ 1— — O(z=2),
5 (px+ 1) (y2 —y1) Pt Mmtn)? prhtr +O0(x )

and

(p+X2) g2 — Xoq1 — ;Z)p (pz +12)" " (|Dga(x)|* + 2DZ3 () Do ()

+ (1 =) (pr + y2)? Z2(z) Dga(x) (B.10)
A2y 1y 2 ( PA2 2M1 ) o
= - - 1 - - O v .
5 (Prty2) Ty =) TSy WAt v w I

We then rescale g; as follows: g;(z) = —(pz +y;) "7 'Q;(x). The a priori information on g; yields
that @; are smooth functions and that Q;(z) = O(1) and DQ;(z) = O(1) as x — +o00. We then
obtain from (B.9) and (B.10) that

Y 2 1
A QL= MQs + 2D M (gp—y)D
(p+ M) Q1 — Q2 2p| Q1(x)] p+>\1+>\2(y2 y1)DQx
(B.11)
_ /\1’Y(y )2 <1 _ pPAL 2N > 0@
g 2 (P+ A +X2)2  p+ A+ ’
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and
(0 2 A2

+A2) Q2 — Ao@Q1 + —|DQ + —————(y1 — 12)DQ

(p 2) 2 21 2p| 2(90)| PEDY )\2(3/1 y2) 2

Aoy 2 < PA2 2)1 > 1
= 220y, 1- - L0z,
g W) (P+ AL+ A2)2  p+A+ A (@)

We notice that the unique smooth and bounded solution of the following system of Hamilton-Jacobi
equations posed in the full lines R x R:

(B.12)

(42 @1 = 2@2 + LD + M2 =91 b5 )

P+ A+ Ao
=P (1 it )
g 2 (P+M+X)? ptA+r)’

(p+ A2) Q2 — Q1 + ;/;)|D@2(95)\2 + MD@%@

P+ AL+ A
— M(y —y )2 <1 _ P)\Q _ 2>\1 >
g W (p+Ad1+X2)2 p+A+A)

is given by the constants

0, = M( _ A1A2+A3+m1>
2(p+)\1 -f—)\g) (p+>\l _|_)\2)2 )

G, = 2z =y1)* (1_ MHA%M)
2(p + A1+ A2) (p+ A +r)2 )

This indicates that when x — +o00, g;(x) ~ gj(x) (for brevity, we omit the proof of this point),
where ) )

al(x) — 7)\1(?/2—91) ( o A1>\2—i_A2—i_p)\1

2(p+/\1 +)\2) (p+)\1 +>\2)2

o ey —wn)? Ad + Af + phs
Q(r) = — 1—
2(p+/\1 +)\2) (,0+)\1 +>\2)2

) (o +3) 7, (B.13)

) (o +y2) . (B.14)

Moreover, injecting the information that Q;(x) ~ @J(x) as * — oo into (B.11)-(B.12), we see
that as x — oo,

;l;]DQl(x)F - (y2 = y1) DQ1(x) = o(1),

1
P+ A+ A

;;’DQQ(JU)P + (y1 — y2) DQ3 () = o(1).

2
p+ AL+ Ao
Since (1 and @2 are smooth and tend to constants at +oo, the latter system of equations implies
that DQ;(z) = o(1) as  — 400, j = 1,2. This implies that Dg;(z) ~ Dgj(z) as x — oo, where

. py(L+7) A (y2 — y1)? Mg + A3+ p\y o
Dai(x) = 2(p+ M + M) S P W WE (o + )7,
~ py(L+7)Xa(y2 — y1)? M2+ X2+ pho e
B T v 1S B R VRS VS N A
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We now derive the asymptotic behavior of the optimal consumption as x — 4o0:

c1()
1—vy

= 0" (p(pz +y1)" + DZ1(x) + Dai(x)) " (1 —y)vi(2)) =
2

1 TP(P?C;‘ZJD7 (D21(2) + DG (x)) + (P$+y1)2;2¢(1 +v)

. o pA@raE  A—ent-w) o)

1 =) 2D DG EETIC e, )] + ot )

My2 —y1) | (L + )N (g2 —y1)?
p+ AL+ A2 2(p+ A1+ A2)?
Y@+ ) M(y2 — y1)? ( ~ Mde + A 4 oA

2(p + M+ A2) (p+ M+ A2)?

= (pz+u1) |DZ: ()

= (pr +y1) + (pz +y1) "

) (o +3) "+ ol(pr + 1) 7).

The calculation for ¢ is similar. We can then deduce the expansion of s; in (5.5). O

Proof of Theorem 5.3. Suppose there exists an invariant measure m = (my, mg) when r = p, then
it has densities g; defined on [z, 400), j € {2,1}, given by (4.8) and (4.9). We write (5.5) as

Myt —y2) | YA+ )My —y)? A2 4+ A3 + pAi A1 .
s1(2) 1M+ 2(p + M+ o) P+ M +2)?  (pt M+ ha) (pz +y1)
i (I) ]
+o((px + 1)),
(2 —y1) | YA+ ) Aa(y2 — 11)? A2 4+ A + pAo A2 ,1
= + - - +
52(2) PESYESY 2(p+ M + \2) PtM+2)2  (p+A+ ) (pz +12)
I (I1) ]

+o((pz +y2) ™).
We notice that in the equations for s;(x) and sa(z),

p A1+ A 2p
I+ (II)=1+ — = ,
(D) + D) (p+A+X2) (p+Ai+X)  (p+A+ o)

it follows that as © — +o0,

Aos1(z) + Aisa(z)  py(L+ ) »
o @n@)  petg Toler )T

With the formulas (4.8) and (4.9), we obtain ga(z) and g;(z) tend to +o0o as  — 400, in contra-
diction with the fact that m; and msy have finite mass. O
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C Asymptotic analysis near xr =z

We now consider the behavior of s; near z. From (2.7) and s1(z) = 0, we have

vl oy

Dui(z) = p(rz +y1) ™ (1 = 7vi(z) 77 . (C.1)

From Theorem 3.17, we can differentiate the HJB equation for vy at x > x and pass to the limit
T —z,

(¢ =) Dvi(z) + M (Dvi(z) — Da(z)) = lim s1(x) D*vi(x) + Ho(z, y1, v1(z), Dvi(z)) Do ().

T—T
Moreover, lim,_,, s1(x)D?v1(z) > 0. We denote the constant
s = (¢ —r)Dvi(z) + M (Dvi(z) — Dva(z)) — Hy(z,y1,v1(2), Dvi(z))Dvi(z),

and we can derive from (3.31) and p > r that » > 0.
For x > x, we write

A

Doi(@) = plrz+11) ™ (L= 7)or() 77 + qi(a). (C2)
It is clear from (C.1) that ¢i(z) = 0. From the continuity and boundedness of v; near x we know

(1= o) T = ((1—7w(@) 5 +o(1), (C.3)

hence ¢1(z) = o(1) as z — z.

—1 11}_1

—1

P
We notice that since =1 —~ > 0, ((1 — 7)) ™ is an increasing function of v on (—o0,0).
From the concavity and monotonicity of v; we have

vy

Duvi(z) < Dui(z) = p(rz + 1)~ (L —=ywoi(e)) 7 <plrz+y)~" (1 —yvi(z) =,

hence ¢;(z) < 0. From D?v;(x) — —oco and

1

D?uy(x) = (¢~ = 7)(rz+ 1) (1 = 7)a(x) = Do () +Dau(a), (C.4)

-~

>0

we have Dq;(z) - —o0 as ¢ — z. From (2.7) and (C.2), the consumption near z is

1y 1—77

1 ¥
c1(z) = p* <p(r:c+ y) ™ (L =vi()) 7+ ql(w)) (1T =7)oi(z)) =

-9

_ —yp L
— (rz4uy1) | 1+ p 7 rz+ )Y (1= ui(e) T ai(@)
=0(1), from g1 (z)=0(1) and (C.3)
-1

—rz 4y — ¢z +y) (1 'Y)Ul(x))%(h(x) + o(q1()),

it follows

1

s1(@) = (@ —2) + ¥ (rz + )" (1= (@) T q@) + ol (@).
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Using again (C.3), we obtain
-1 y—y !
si@) =r(@—2)+ ¢ rz+y)™ (=) ™ al@) +o(a (@) (C5)
By differentiating the HJB equation for v; at > z, we infer that in a right neighborhood of z,

s1(x)Dqy(x) = 2+ Hy(z,y1,v1(2), Dvi(z))Dvi(z) — Hy(x,y1,v1(x), Dvi(x)) Do (x)

(I)
+ (¢ = 1) (Dvi(z) — Dvi(2)) + A1 (Dvi(x) — Dvz(x) — Dui(z) + Dva(z))

/

(11 (C.6)

+ s1(x) ((Dql(x) - D2vl(x))

(II1)

= x4+ o(1).
To obtain (I) + (/1) = o(1), we used the continuity of Dv; at z (from Theorem 3.11) and the
estimates on H,, and H,, (cf. (2.11) and (2.12)). Moreover, (III) = o(1) comes from (C.4) and
si(x) = 0 as x — z. Next we denote
Qi(z) = qi(x), Qi(x) =0, DQi(xr)=2q(x)Dq(). (C.7)
From (C.7), (C.5) and (C.6),

(o — ) Dar () + (rz )™ (1 = (@) T DQ21 =
D

<0

+0o(DQ1(z)) = »+0(1). (C.8)

We obtain that in a right neighborhood of z,

Y (rz+ )" (L= () T

v—v' DQ1(x)
5 > /2.

This and Q1(0) = 0 yield, for z — z sufficiently small,

x

Ql(x) >

1 (l’ —Q),
W (rz +y1) T (1= @) T

hence z —z = O(Q1(x)) = o(q1(x)) as  — x. This implies r(z — z)Dqi(x) = o(DQ1(x)), and then
(C.8) yields

re Ly~ — )i (z Wzgl
¥ (rz + y1) (él 7)) DQ1(x) + o(DQ1(x)) = 2+ o(1).
This yields
2x(x — ) o

Qi(z) = (T=7)ui(z)) 7= +olz —z).

—1
(0 (7'£ + y1)1+w

Therefore

m@ﬂ:_¢¢3%@33w1wa—wm@»ﬁf"+dw?—w.

rT + Y1
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We have found that, as z — z,

Do) ~ plrz + )™ (1= () T - \/w ( Mixy_)i)w (=)
rT 1

We observe that this is consistent with the fact that Dwv; is uniformly continuous but not Lipschitz
continuous, given by Theorem 3.11 and Theorem 3.19.
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