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Abstract

We propose, analyze and test computational methods for solving a continuous-time heteroge-
nous agent model with Epstein-Zin utility. Such recursive utilities allow the model to disentangle
between risk aversion and intertemporal substitution. Having discretized the Hamilton-Jacobi-
Bellman (HJB) equation arising in the model, we propose a Howard-Newton algorithm for the
late resolution preference case, and a Howard-Tarski-Kantorovich algorithm for the early reso-
lution preference case. We prove the convergence of the iterative algorithms. We obtain as a
consequence the existence of solutions to the discretized HJB equations. In the late resolution
case, we supply a priori estimates between the unique solutions of the continuous and discretized
HJB equations.

Keywords: Hamilton-Jacobi-Bellman equation, Mean Field Games, recursive utility, finite
difference, iterative algorithms

1 Introduction

In this work, we propose, analyze and test computational methods for solving the continuous-time
heterogeneous agent (HA) models with recursive utility, recently analyzed by the authors in [4].
The continuous-time formulation of the Aiyagari-Bewley-Huggett models [17], classical in recursive
macroeconomics, and the related system of partial differential equations can be studied in the light
of the mathematical theory of Mean Field Games (cf. [I 2 15]). Such models involve a large
number of ex ante identical but ex post heterogeneous agents in an incomplete market setting:
each agent continuously optimizes consumption subject to a borrowing constraint and idiosyncratic
income risk, resulting in a non-degenerate stationary wealth distribution (cf. [4, (1.1)]). The Mean
Field Game system consists of Hamilton-Jacobi-Bellman (HJB) equations and Fokker-Planck-
Kolmogorov (FPK) equations coupled through equilibrium conditions on prices. HA models have
now become indispensable for quantifying the distributional effects of fiscal and monetary policy. A
finite difference method for the constant relative risk aversion (CRRA) utility case was developed
in [3] and its numerical appendix. This method from [3] has then become popular in the HA macro
literature, as the first step for computing stationary equilibria [5] [0, [1T], T2, [I4]. The present paper
aims at a rigorous analysis of a related finite difference method for models with recursive utility
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(Epstein-Zin). In particular, we propose convergent iterative algorithms for solving the discretized
Hamilton-Jacobi-Bellman equations.
The Epstein-Zin recursive utility is defined as follows (cf. [21]):

p A — (=)’
e (e

where ¢ is the consumption, v is the value function of an optimal strategy and p is the subjective
discount rate. It is assumed that v, the elasticity of intertemporal substitution (EIS) and -, the risk
aversion parameter, are both positive and do not take the value 1. A key feature of the Epstein-Zin
utility is the separation between risk aversion and EIS. The time-additive separable CRRA
utility is a special case of recursive utility in which v = )=, The attitude towards the timing of
the resolution of uncertainty is pinned down by the constant ~i): early (resp. late) resolution is
preferred if 41 > (resp. <)1, cf. [I0]. With v = =, the agent is indifferent to the timing of
uncertainty resolution.

The Mean Field Game system of partial differential equations for an Aiyagari model with the
recursive utility is (cf. [, (1.7)]):

11—t
L=y

fle,v) = , g =

, (L1)

(1) 0= max {f(c,vj) + (r*z + y; — c)Dvj(x)} + \j(vs(z) — vj(z)),
c;"(x) = argcirolax {f(c,vj) + (rz +y; — ¢)Dvj(z)},
() —;[@w+%—%(ﬂw(ﬂ+Mw®%%mmw=Q

(1.2)

f dx+f x)dx + Z i =1,

je{1,2}

The HIB equations (), one for each j (j € {1,2} and 7 = 3 — j) are coupled through the
switching terms \j(v; — v;), encoding the transitions between income states with Poisson rates
Aj. The state constraint « > z (a borrowing limit) is imposed to prevent negative savings at z:
r*z+y;—cj(z) = 0. Each of the stationary FPK equations (1.2)) (i) describes the density g; of the
invariant measure m; associated with the agents with income y;. The measure m; possibly exhibits
a Dirac mass at z, weighted by p;. The equilibrium interest rate r* is determined by the fixed-

point condition (i 1), where the aggregate capital stock KC[r*] = K[m(™)] = pITR . a:dmg-r*)
is itself a functional of the invariant measure (which depends on 7*), and thus closes the model.
Although the Mean Field coupling (7ii4) is particular, the analysis developed below applies
to a wide range of HA models.

To solve the state constrained HJB equation (i) with a given r > 0, we use monotone (upwind)
finite difference schemes, as in [IJ, [3, 8, (16, 20]. The main difficulties in this model are: firstly, the
Hamiltonian takes infinite values for negative momentum; secondly (this is specific to the recursive
utility) the dependence of f on v. The second difficulty implies that one should use iterative
algorithms that differs from the standard Howard algorithms used for example in [3, 8]. A main
discovery of the present paper is that different strategies are suitable depending on the timing
preference in the models. In the late resolution case # > 1, the system satisfies a comparison



principle, and we use a Howard-Newton algorithm to solve for the unique solution. In this method,
the policy evaluation step consists of an inner loop of Newton iterations. In the early resolution
case 0 < 0 < 1, we consider a solution to the HJB equation as a fixed point of a suitably defined
map ', and take advantage of the monotonicity and invariance properties of I" to design a Howard-
Tarski-Kantorovich algorithm. We have decided to name the method so because the design of the
outer loop is reminiscent of Tarski-Kantorovich fixed point theorem and its proof in [13, Theorem
I, p.68]. We prove the convergence of these iterative algorithms, and this also implies the existence
of solutions to the discretized HJB equations. The Fokker-Planck-Kolmogorov equations will then
be discretized with a finite difference scheme, exploiting the duality structure of (cf. [3]).

The methodology for studying the case 0 < 6§ < 1 in the present paper is related to the recent
literature about dynamic programming on ordered spaces and Koopman operators, e.g. |7, 18| [19].
In these works, the Tarski-Kantorovich fixed point theorem have been used to study discrete time
Bellman equations with recursive utility. In the present paper, we show that the barriers and
invariance properties, essential for using this method, can be constructed for the upwind schemes
that we propose.

We analyze the convergence of the numerical solution to the constrained viscosity solution of
the HJB equation, in the case of # > 1. Recently, a Semi-Lagrangian method was proposed in [9]
to study continuous-time HA models with CRRA utility, with convergence analysis based on the
Barles-Souganidis half-relaxed limits method. In the present paper, we obtain error estimates with
a technique that does not require doubling the variables, thanks to the strong regularity of the

solutions to (1.2)) (7).

2 Preliminaries

The assumptions that follow will be made in the whole paper:
y>1,0<y<1l, p>r>0, y2>y1>0, pzr+y >0. (2.1)

It has been proved in [4] that the equilibrium interest rate r* is smaller than p, if there exists a
solution to ([1.2]). This justifies the bounds on r in . With the constant b defined in Table
below, yields r < b < p, rz + yo > ro +y; > 0 and b(x + y1/r) > 0. Therefore, the functions
in below are well defined.

With Epstein-Zin utility (L)), we can rewrite the HJB equation (1)

£oj(@) = H(w, 5,05, Duy) + Xy (vy(x) = (), (2.2)
where we use the notation
1

) = Flew) = Guy. Flew) = o, 23)
H(z,yj,vj,p) = max {F(c,vj) + (rz+y; — c)p}. (2.4)

From the first order necessary optimality condition, the Hamiltonian in (2.4) is

A e :

H(z.y0.p) = (rz +y)p + T (L=myp) =, if p=0, 2.5)

+00, if p<DO.



We observe that H(x,y,v,p) defined in (2.5 is strictly convex in p for fixed (z,y,v) with p > 0,
and that

. (TCC + y)l_d)_l U)fi—”/
rgng({I:vyavvp) = Pl_—d}_l((l - ’Y)U) B (2.6)

Moreover, since rz + y > 0 and p'~¥ is sublinear, we infer from (2.5) the coercivity property
H(z,y,v,p) > +0 when p— +0o0. (2.7)

The optimal consumption (away from the borrowing limit) is given by the first order necessary
optimality condition, whenever Dv; > 0,

1—y

¢ = arg max {F(c, v;) — eDv;} = p(Duy) (L = 7)) 75 . (2.5)
c=0
We summarize the notation in Table [l
Table 1: Symbols
Subjective discount factor p>0
Risk aversion v>1
Elasticity of intertemporal substitution (EIS) 0<yp <1
A parameter arising in Epstein-Zin utility 0 := 1?_51 >0
A convenient parameter b:=p [W] v
Aggregator fle,v)
Modified aggregator F(e,v) = fle,v) + fo

Borrowing limit x

For any ¢ > 0, if # > 1 (resp. 0 < § < 1) then F(c,v) is decreasing (resp. increasing) in v, i.e.
Fo(e,v) <0 (resp. Fy(c,v) > 0). (2.9)

If # > 1, then f(c,v) and F(e,v) are jointly concave in (c,v) € (0, +00) x (—00,0).

We denote by H,(x,y, v, p) and Hy,(z,y, v, p) the first and second order derivatives of H (z,y, v, p)
with respect to v. We use Hyp(z,y, v, p) to denote the cross second order derivative of H(z,y,v,p)
with respect to v and p. Straightforward computations lead to:

Hy(z,y,v,p) <0, Hyp(x,y,v,p) <0, Hyy(x,y,v,p) <0if 0 > 1,

, (2.10)
H’U(mvyvvvp) > 07 H’Up(xvyuvvp) > 07 va(x7y7v7p) > 0 lf 0 < 9 <1l

Therefore, H(x,y, v, p) is strictly concave (resp. convex) in the v variable if § > 1 (resp. 0 < 6 < 1).

Definition 2.1.

1. A continuous function v = (v1,v2) is said to be a viscosity subsolution of (2.2)) at z, if whenever
@ 15 a smooth function and v; — ¢ has a local mazimum at x, then

Loj(w) < Hi(w,y;,v5(2), Dip()) + A (vy(x) — v (x)):



2. A continuous function v = (vi,v2) is said to be a viscosity supersolution of (2.2)) at x, if
whenever ¢ is a smooth function and v; — ¢ has a local minimum at x, then

p

gi(@) = H(z,y;,v;(2), Dp()) + Xj(vs(2) — v;(2)).

3. A continuous function v is said to be a constrained viscosity solution to system (2.2)) if v is a
viscosity supersolution in (x,0) and a viscosity subsolution in [z, 00).

The sub- and supersolutions proposed below will play an important role in what follows. The
following result has been proved in [4, Proposition 3.5] for the case # > 1. We observe that the
same proof holds for 0 < 6 < 1.

Proposition 2.2. With the constant b defined in Table [, we consider the functions

re+y)t . b(x + yo/r))7

(1), vi(z) = Vo(x) = (5 /) . (2.11)
- 1— y

The pairs (U1, U2) and (Vi,Va) are respectively a subsolution of (2.2)) in [z, +00) and a supersolution

of @) in (z. +o0).

We next state a comparison principle for viscosity sub- and supersolutions of (2.2]), in the late
resolution case. It follows directly from |4, Proposition 3.3].

iy (z) = Uz(z) =

Proposition 2.3. Assume 0 > 1, u = (uj,us) and v = (vi,ve) are bounded viscosity sub- and
supersolution of system ({2.2)). We extend v; at x by setting v;(x) = limz—z, 2>z vj(2). Then u < v in
[z,400), i.e. uj <vj in [z,40) for j =1,2.

Propositionyields the uniqueness of the viscosity solution when 6 > 1. Reference [4] contains
a complete study of continuous-time HA models in the case 8 > 1. It deals in particular with the
existence, uniqueness and regularity of solution to the HJB equation. The following proposition
summarizes results from [4, Proposition 3.7, Proposition 3.9, Proposition 3.10, Proposition 3.15,
Proposition 3.16] .

Proposition 2.4. Assume 0 > 1. There exists a unique viscosity solution (vy,vs) which is C* and
strictly concave. Moreover, vj € VVZQOSO (z,+00) and vy = vy.

Next we give some results concerning the saving policies s;. The following proposition summa-
rizes results from [4, Proposition 3.17, Corollary 3.18, Proposition 3.21].

Proposition 2.5. Assume 6 = 1. The optimal saving policy s1 has the following properties: s1(x) <
0 for all x > x and s1(x) = 0. If furthermore

(p—7)(rz +y2) 7Y + Ao ((@ o) VY — (rz + yl)*l/d’) <0, (2.12)

then so(z) > 0. Moreover, Dvi(z) > Duva(z).

Remark 2.6. In the analysis of the numerical scheme for 0 = 1, we will focus on situations in
which sa(x) > 0, because at the mean field equilibrium described by (1.2), the state constraint is not
binding for agents with high income. Nevertheless, note that the methods described below apply even
if is not satisfied. It has been shown in []] that in this case sa(xz) = 0 and sy < 0 in some
interval (z,x +€). If furthermore, (p/0 — 1) (rz +1y2) V¥ + Ao ((rz + y2) V¥ — (rz + y1)~Y¥) > 0,
then so(x) < 0 for all x > x. We refer to Section @ below for an example.



The next result deals with the behavior of s9 as x — +00. It justifies solving the HJB equation
numerically on a bounded domain [z, Z].

Proposition 2.7 ([4], Proposition 3.22). Assume 6 > 1 and sa(z) > 0. There exists T > x such
that s9(Z) = 0 and sa(x) <0 for all x = 7.

Remark 2.8. Proposition implies that if T > T, then imposing an artificial state constraint at
Z while solving (2.2]) does not change the solution.

It has been shown in [4, Corollary 3.19| that, under the same assumptions as Proposition
lim,_,, D?v(x) = —oo. This will require special care in proving the convergence of the finite
difference scheme below. The next result, from [4, Appendix C], is about the asymptotic analysis
of s1, D?*v; and Dv; near = = z.

Proposition 2.9. We make the same assumptions as in Proposition[2.5. Near x = z, the functions
s1, D?v1 and Dvy have the following behavior:

s1(z)D%v1(z) = s + o(1), (2.13)
(1= Do) T 20 — 2) i
Duite)~» re+y)*" \/@b (rz +y) (=) =, (2.14)
where » is given by
= (g — 7“) Dvl(g) + )\1 (Dvl(g) — D’U2(£)) - Hv(£7 Y1, 1)1(&), Dvl(g))Dvl (g) (2'15>

Lemma 2.10. We make the same assumptions as in Proposition . There exists n € (z,T) such
that for all x € (z,7n),

—Dvi(z) < i . —y)v1(z w;;W. )
0 < —Dvj(z) < \/w 2t (o) (1 =7)vi(z)) (2.16)
and -
0 < —s1(2) < 2V (rz + 90)™* " (1 = r (@) T — ) (2.17)

Proof. From [4, Appendix C], we know Dv?(x) ~ Dqi (), where q1(z) and Qi (z) = ¢?(x) satisfy

2x(x — x) vl
ne _\/w (rz+ )™ (@ =7ul@) = +olvz-a),
Yz + )" (1= )(@) T
2

DQ1(z) + o(DQ1(x)) = 2+ o(1).

2.16)) follows from Dgq;(x) = D;‘gléx). From Propositionwe know —s1(z) > 0 for all z > z, then
2.17)) follows from (2.16) and (2.13)). O




Propositionﬁ Lemma and the fact that v; € Wfoso (z,z] will be used in Section E below
to obtain an explicit convergence rate.

The analysis of (7) is therefore rather complete in the case > 1. On the contrary, many
things remain to be done in the case 0 < 8 < 1. In the present paper, we restrict ourselves to
supplying some results that are useful in the study of the numerical scheme.

Let us introduce the following system, for a given pair of functions (01, 02):

Loj(w) = H(z,y;, 5, Dvy) + Xy (vy(x) = (@),

Loj(w) = Hi(w,y;, 5, Dvy) + Xy (vy(x) = ;(2)):

(2.18)

Proposition 2.11. Assume v; is locally Lipschitz and i; < U; < V;. Letu = (ur, ug) andv = (vi,v2)
be bounded viscosity sub- and supersolution of system (2.18)). Then u < v in [z, +00).

Proposition 2.12. Assume v; is locally Lipschitz and u; < ¥; < V;. There exists a unique viscosity
solution (v1,v2) to (2.18). Moreover, the solution v; € C'[z, +o0).

We define the map I': (v1,v9) = T'(91,02) if and only if (v1,v2) is the unique viscosity solution
of (2.18]). A solution to (2.2)) can then be defined as a fixed point of I'.
The proposition that follows states that the map I' is monotone when 0 < 6 < 1:

Proposition 2.13. Assume 0 < 6 < 1. Let (v1,v2) = I'(01,2) and (u1,uz) = I'(Uy,42). Ifu; <7j,
then u; < vj.

Proof. Since @; < v;, we deduce H(x,y;,uj, Duj) < H(x,y;,0;, Duj) from (2.10). This implies
(u1,us9) is a subsolution of the system of HJB equations (2.18)) satisfied by (v1,v2). The result then
follows from Proposition [2.11 O

Proposition yields the following invariance principle.

Proposition 2.14. We use the same notation as in Proposition. If0 <0 <1andu; <v; <Vj,
then U; < v; < Vj.

From Proposition [2.13] and Proposition with 0 < 6 < 1 Tarski’s fixed point theorem
implies that there exists a fixed point of I". Since Proposition may not hold with 0 < 8 < 1, the
uniqueness of a constrained viscosity solution to (2.2) remains an open question.

Proposition 2.15. For 0 < 0 < 1, there exists a viscosity solution (vi,va) of (2.2)) that satisfies
l]j SIS \7j.

Oberve that Proposition [2.3] may not hold if 0 < # < 1, while the invariance principle in
Proposition [2.14] may not hold if € > 1. This is a reason why different algorithms will be needed in
the two intertemporal preference cases.

3 The finite difference method

3.1 The numerical schemes

Given 2 < 0 < 7, I € N and a step size Az = (Z — z)/I, let us define the grid G&% = {x; : i €
N,i=0,---,1I, z; = x + iAz}. For two grid functions U; and V; defined on G2 we use U; <V

7



(resp. U; = Vj) to denote the ordering U; ; < V; ; (resp. U;; = Vi ;) for all i. If U = (Uy,Us) and
V = (Vi,Va), then U <V (resp. U = V) means U; j < V; ; (resp. U;; = V; ;) for all 4, j.
For a Hamiltonian strictly convex w.r.t. the p—variable, we set

Hrnin (xiv Yj, VYZ,J) = HIP}HH ('riv Yj, VYZ,]ap) >

. 3.1
and Pmin (xi7 Yj, ‘/Z,j> = arg min H (wiu Yj, ‘/;,]7]7) . ( )
p
The discrete Hamiltonian is defined by
H (xi7yj7v;7j7pF7pB)
HT (xiyy]7 i,j, P F) lf.’EZZQ, (3 2)
= HT (xiaij ,japF) +Hi (xiayjaw,j’pB) _Hmin(xiayﬁv%,j) if§<$l’<d_}, .
HY (a:i,yy, 7],pB) if x; = .
where . .
H (%,y5, Vi, if = Pmin (T3, Y5, Vi),
B (o Vi) = | GV ) P e (V)
Hmin (l‘i, Yj,s ‘/’L,j) if P < Pmin (’ria Yjs ‘/’h]) )
and
H(Q/‘i?yja‘/i,jva) if 0 <pB < Pmin (-’Ei,yjav;:j)a
HY (24,95, Vi, p”) = < Huin (26,95, Vij) it p® > puin (1,95, Vi) » (3.4)
B

+ o0 if p” <0.

Lemma 3.1. The numerical Hamaltonian H (:ni, Yj, Vi,j,pF,pB) is increasing in p* and decreasing
in pB. Moreover,

Proof. From the strict convexity of H (x;,y;, Vi j,p) w.r.t. pand (3.1), we deduce for each (x4, y;, Vi ),
H (xi,yj,Vi;,-) is increasing in the domain [pmin, +00) and decreasing in [0, pmin). O

In the design of Howard type algorithms, it will be crucial to take advantage of the following
relationship between the discrete Hamiltonian and the utility function ([2.4)):

sty =roi+y;—cly, sl =raivy - (3.6)
H' (i, Vigo ") = sup {slp" + F (e Vi)
cfje[O,r:vierJ] (3 7)
HY (i, Vi, %) = sup {sPp” + F (e Vig)}
F]>Tx +yJ
Next, we denote the consumption associated to null savings by:
¢j(@) = ra; + yj. (3.8)

A straightforward computation yields

Hyin (21,95, Vig) = F (¢(wi), Vij) -

’ )



We denote the forward and backward finite difference operators by

Vit — Vi . _ Vij = Vi1, :
Sl T T w0 <i<Tand ATV =~ My << (3.9)

+U
ATV Ax ’ ’ Ax

For a function v defined on [z, +0), we denote for x € G,

A+U(x) = Ar ,if z <, (3 10)
A v(z) = vlz) - vl = Az) ifr<z<z |
B Ax ’ b

We can set ATVr;, A~V ;, Atu(Z), A"v(z) to arbitrary constants since their values have no
importance in what follows..

The discrete version of the HJB equation (2.2)) is, for ¢ = 0,--- , 1,

gm,l — H (25,91, Vit, A" Vi, A Vi) + A1 (Via — Vi)

gVi,Q = H (zi,y2,Vi2, A" Vig, A" Vi) + X2 (Vin — Vi2) .
Observe that by design of H in (3.2)) at ; = z and x; = Z, the equation (3.11) at ¢ =0 and i =
have taken into account the state constraints because H' (resp. H') corresponds to nonnegative
(nonpositive) savings. If A7V, ; > 0 for all 1 <4 < I (this will be proved in Proposition (4.4 below),
then from the first order condition of optimality, we deduce the numerical optimal consumption

(3.11)

_ 1—3
cfj* = min {p¢ (Aﬂ/;’j) (U ((1— 'y)‘/;’j)ﬁ 75j(xi)} for x; < Z,

- -
oy =max {p¥ (AViy) (A= Vig) T e} forai>z, (312

c&* =71z + yj, cf”; =rx+Y;-
An equivalent formulation of (3.11) is then:

P F,
eVzl—s“*AJerl+sZ1 A~ V“Jr]-"(”,V )+f(,1 V1>
— F(E1,Via) + M (Viz — Vi
:, - (i1, Via) + A ( o (3.13)
Vg = sT AT Vg + sP5F A~ m+f(”,v )+f(21 VQ)

0
— F (Ci2,Vig) + X2 (Vii — Vio),

\

B, .
Cij - By construction
I,

. . Fx o By _ . )
where F is deﬁned as in 1) ;5 = TTi+Yj—¢; and S =TTty —
F*

> (0 and s < 0, hence the scheme is in upwind form.
" With Cj deﬁned in (3.8), and given € > 0, let us introduce the following regularized consumption
policies:

_ 19
e/ = min {p¢ (A*Viy) Y (1= )Vig) T afj(fﬂz’)} for z; < Z,

1,

_ 1y
ci* = max {min {1/6, p¥ (A,Vm);p (1 =v)Vij) = } ,éj(:ci)} for x; > x, (3.14)
c(])gj* =rz+yj, ci’;‘ =7rZ +yj.



Let us introduce the regularized Hamiltonian, with (cF * B *) and V satisfying 1)

H (xiayj>Wj7pFapB)

o s 4 F () F (B - @), O
We introduce a regularized version of :
gvl H. (zi,y1,Via, AT Vi, A Vig) + My (Vi — Vis), 10
gvm = H. (2i,y2, Vi, AT V2, A7Via) + Ao (Vin — Vi2), .

17y
supposing ((1 — )V ;) = is bounded (we shall see later that this property is true, uniformly with
respect to €). Throughout the rest of the present paper, we assume

1/e > rz + yo. (3.17)
We observe that the regularized Hamiltonian in is defined even if A7V; ; < 0. We also set
H] (x5, Vigs A Vi) = HY (21,95, Vi, AVig)
Hé (:ci,yj,Vi,j,A*Vi’j) = sup {SUA Vij+ .7-"( ZJ,V )} (3.18)
rai+y;<cP <l/e
This strategy of regularizing the Hamiltonian by truncations has been used in [16], 20].

Remark 3.2. We observe that the FPK equations (1.2)) (ii) are linear, hence their numerical ap-
prozimation is standard and will not be studied in details here. We restrict ourselves to saying that,

defining (s, sP) as in (3.14), the discrete scheme for (1.2)) (ii) is in the form:

F*g B *g F* i1 B,* Gitl.i
5 17.7 5 Za] Z 17 = 7] Z+17 jI1+1,9
1, i, +Njgi, = J J

Az Az

For x; > x, g; j approximates the density gj(x;). If m; exhibits a Dirac mass at z, then its weight
wj 1s approzimated by go jAx.

+ \igi e (3.19)

3.2 First elements in the analysis of the scheme

We first give some results on the scheme which hold for all # > 0. Section 4] and Section [5| will
respectively contain results particular to the cases # > 1 and 0 < 6 < 1.

Lemma 3.3. Assume 6 > 1 (resp., 0 <0 < 1). The numerical Hamiltonian H (a:i, Yj, V@j,pF,pB)
is decreasing (resp., increasing) in Vi ;: if U;j < Vi < 0 then H (xi,yj,‘/i7j,pF,pB) < (resp.,>
) H (2,95, Ui j,p", pP) .

Proof. We only give the proof in the case 6 > 1, the proof in the other case being very similar. Let
I and c * be the maximizers given by 1.} If x < x; < T, then f( Cii ,Vm) < .7-“( Ci >Ui,j>
follows from Ui <V;;and . From (3.7) we know cfj* < ¢j(x;), a straightforward computation

Z’J
with (2.3)) leads to

F (e Vig) = F o) Vig) < F (e, Ui) = F (5(w1), Usy)

10



This yields

H (zi,y;,V;j,p" . p")

< Sf;*pF + sf]?*pB + F (Cffk, UZ'J') + F (Cf}*, U@j) - F (Ej(l‘i), Ui,j) (3.20)
< H (Ii7yj7Ui,j7pF)pB) :
At the boundaries z; = z or x; = &, the conclusion is obvious from (3.3 and (3.4)). O

The same result holds for the regularized Hamiltonian defined in (3.15]), the proof being essen-
tially the same as that of Lemma [3.3]

Lemma 3.4. Assume 6 > 1 (resp., 0 < 0 < 1). The numerical Hamiltonian H, (a;i, Yj, Y/;J,pF,pB)
is decreasing (resp., increasing) in Vi j: if U; ; < V;; <0 then H, (:Ui,yj, Vi,j,pF,pB) < (resp.,>
) H€ (xi7yj7 Ui,j7pF7pB) .

We now introduce the discrete sub and supersolution to (3.11), analogous to the functions
introduced in Definition 2.1]

Definition 3.5. We say that U = (U, Us) is a discrete subsolution of (3.11)) if for alli,j such that
i=0,---,1 and j € {1,2},

gum < H (:L'i,yj, UZ'J, A+UZ’J‘, A_UZ'J) + )\j(UZ'J — UZ'J'). (3.21)

Respectively, V = (V1,V2) is a discrete supersolution of (3.11) if for all i,j such thati =0,--- I
and j € {1,2},

gvi’j 2 H (LBZ', yj, Vi,ja A+Vi7j, A_VZ'J) + )‘j (ViJ — ViJ’). (322)

In what follows, we introduce discrete barriers as in Proposition [2.2] They will provide bounds
on the numerical solutions.

Proposition 3.6. With the constant b defined in Table[1], we consider the grid functions
(rai +y)' (b(xi + ya/r))' 7

1—7 1—7 )
The pairs ((71.’17 Ui,2) and (Vi,h ‘712) are respectively a sub- and a supersolution of 1'

Uia=Up2= , Viir=Vio=

Proof. Part 1: subsolution. A direct computation shows F (El (24), ULI) = %Ui71' We first establish
inequality li at j = 1. Let us set cfl = cfl = ¢1(x;), hence 351 = sfl 0if 0 < ¢ < I. Similarly,
we set 551 = 51 = 0. Then,

H (2,91, U1, ATU; 1, A™Ui)
= 851A+Uiyl + SflA_U@l + F (051, Ui,l) + F (Cfl, Ui,l) - F (51"1, U@l)

=F(e1(2:),Uin) = gUi,L
Let us now turn to inequality 1’ at j = 2. Set 052 = cfz = Co(x;) = ra;+y2, hence 352 = 852 =0,
then
- i . _ - _ . 0~
H (23,y2,Ui2, AT U; 2, AUy 2) = F (2(wi), U 2) = F (€1(w5),Ui2) = 5Uz,2-

11



Therefore, for both j = 1 and j = 2, \;(U;; — U; ;) = 0, and

gUi’j <H (xi, Yjs Ui’j, A+UZ’J, A_Ui,j) + )\j(UiJ — Ui,j)-

Part 2: supersolution. We aim at proving the inequality 1) at j = 2. From V” = V;(x;), where
V; is defined in 1’ we know pj (z, Va(x;)) = p; (a:i, Vzg) Straightforward computation leads to
GVo(xs) = H (x4, y2,V2(x;), DV2(2;)), for 2; > x. Since V3 is strictly concave, we can infer that

ATV < DVg(x;) < A V. (3.23)
From Lemma [3.1] and (3.23)), it follows

H (i, y2,V2(x;), DVa(2;)) = H (2i,y2, Vi 2, DVa(;), DV2(x;))

(:L‘ia Y2, ‘71',27 A+‘V/:L',27 A_‘v/i,2) 3
and we obtain p
5%72 > H (xia Y2, ‘/;,27 A+‘/:L',27 Ai‘/"iﬂ) .
Finally we prove the inequality 1) at j = 1. From gy > y; and Vi’l = ‘71’2, we immediately
obtain that
H (:Cia Y2, ‘/;,2) A+%,25 A_‘/;,Q) >H (:Cia Y1, V;,l) A+%,la A_‘/;,1) ;

hence g‘vfi,l = H ($i,y1,‘7i71,A+f/%71, Ai‘v/i,l) . O

Since for any Ui,j7 H, (:Ei,yj,ULj,A-i_Ui,j,A_Ui’j) < H(ﬂj‘i,yj,Ui,j,A+Ui’j,A_Ui7j), we have
the following results.

Lemma 3.7. A subsolution of (3.16) is also a subsolution of (3.11). A supersolution of (3.11) is
a supersolution of (3.16)).

Proposition 3.8. The grid functions U and V', defined in Proposition are respectively a con-
strained sub- and supersolution of (3.16)).

Proof. The fact that V is supersolution to (3.16) follows directly from Lemma To show that
U is subsolution to li we only need to observe that cfj 1= cfl = ¢1(x;) is still an admissible
control, then we follow the same proof as that of Proposition [3.6] O

4 The case 6 > 1: existence, iterative algorithm and error estimate
Throughout this section we make the standing assumption 6 > 1.

4.1 Existence, uniqueness and gradient estimates

The comparison principle that follows is the discrete counterpart to Proposition [2.3

Proposition 4.1. If U and V are respectively a sub and supersolution of (3.11)), then U < V.

12



Proof. Suppose Ujx j+ — Vix j+ = max; j{U; j — V; j} = 0 > 0. Since U is a subsolution of (3.11]),

gUi*’j* <H (.Ii,yj, Ui*,j*)A-i_‘/i*,j*aA_V;*,j*) + )\]* (U1*7Tk - Uz*,]*) (41)

Observe similarly as in Proposition 4.1 that A*Vix jx = AT Ujx jx if 0 < i* < T—1, and A7 Vs j» <
A7 U j+ if 1 <i* < I. Lemma and (3.2)) then yield

H ($Z* y Yj*, Ul*y]* 5 A+Ui*’j* 5 A_Uz*,]*)
<H (SUZ* y Ui s Ui*,j* , A+V2*7j*, A_V;*’j*) .

Since § = 1 and Ug jx > Vix jx, Lemma [3.3]leads to

+ —
H(xi*,yj*, i*,j*aA Vvi*’j*,A V;*J‘*)

< H (xi*,yj*,W*’j*,AJrV}*’j*,A_VZ’*’j*) . (42)
This implies, together with Uss jx — Vi jx = Ups ¢ — Vix 3, that
gUi*,j* < H (25, yje, Viw oy A Vi oo, A Vi i) + A (Vi g — Vi ). (4.3)
With the supersolution inequality for V', we get pd/0 < 0, a contradiction. O
The following barrier property is then deduced from Proposition and Proposition [3.6]
Proposition 4.2. Let (V4,V2) be a solution of (3.11). Then
U<V<V. (4.4)

We now introduce a discrete Perron’s method, which gives the existence of a solution V to (3.11)).

Proposition 4.3. Suppose that for all i, j,
Uij :==sup{Z;;: (Z1,Z2) is a subsolution of (3.11)) nondecreasing with respect to i} (4.5)

Then U = (U1, Us) is a solution of (3.11).

Proof. We first observe that U; is nondecreasing with respect to i.

Let us first prove U is a subsolution. Given the grid node z; and a positive number ¢, (4.5)) implies
that there exists a subsolution (Z1, Z») such that Z; ; > U; j —eAx. Moreover, from the maximality
of U we infer Ui+17j = Zz'+1,j7 Ui_lvj = Zi—l,ja Ui,j = Zi,j- This implies AJFUZ‘J‘ = AJFZZ‘J‘ — &
and A7U; ; < A™Z; j + . From Lemma , we deduce

H (:vi,yj, UiJ? A+Ui7j, A_Ui,j) >H (:CZ', Yjs Zi,j +eAuzx, A+Zi’j — &, A_Ziyj + 8) .

From the local Lipschitz continuity of H and letting ¢ — 0, we deduce that U; satisfies the subso-
lution inequality at z;.
Next suppose U is not a solution to (3.11)), i.e. there exists i*, 7* and ¢ > 0 such that

gUZ*’j* - H (IEi*,yj*, Ui*,j*aA+Ui*,j*7A_Ui*,j*) - )‘j* (U’L*,j* - U,L*J*) < —(S,

gUi*,ﬁ — H (g, ype, Ups o, A Upse i, A" Uy ) — Mg (Ui jx — Uy ) < 0.

(4.6)

13



We then make out two cases.
A+Ui*,j* > 0. It is possible to choose a constant n > 0 and a grid function W; ;« such
that
Wi =U;; Vi# 7, VVZ'*J* = Ui*J* + nAz and VVZ-*J* < UZ-*JrLj*. (4.7)

Plugging this information into the second line of (4.6) gives

gUi,fk — H (%, ype, Ups o, AT Upse o, A U ) — A (Wi je — Uy %) (18)
< — ApnAz < 0.
It is always possible to choose 7 sufficiently small such that (g + )\j*) nAx < §/4, hence
P W s — Mg (U gs — Wi i) < LUss o — Ajse (Ups e — Uy yo) + 2 4.9
9 Z*J* ]* ( 1*7_7* 2*7_]* X 0 1/*7]* ]* Z*Lﬁ 1*7]*) 4 ( . )

Since AT Wi jx = AT Upx jx — 1, A" Wi j» = A~ Uyx jx + 1, we obtain for sufficiently small 1 that

—+ -
—H(xi*,yj*, i*,j*7A I/VZ'*J*,A VVZ‘*J‘*)

5 (4.10)
< —H (azi*,yj*, Ui*J*,A+Ui*7j*,A7Ui*7j*) + 1
Summing up (4.9) and (4.10]), we obtain from the first equation in (4.6|) that
P

o
HWZ*’J* - H (.’L‘Z'*,yj*,Wi*vj*,AJ'_Wi*’j*,A_Wi*’j*) - )\J* (Ul*,fk - WZ*’J*) < —5. (411)

From (4.8) and (4.11), (W;,Up) is a subsolution while Wix jx+ > U j+. This contradicts the
definition of U, see (4.5).

A*U j+ = 0. We need to make out several sub-cases.
Suppose At U j+ = 0, i* = I — 1. Then, H! (xl,yj*,U[’j*,A*ULj*) = (0. We derive

from (4.6) that
p

0
Defining Wj« as in (4.7)), we obtain A~W; j+ = 1. We can choose 7 sufficiently small such that
(4.9) holds at i* = I and —H" (z1,y;%, Wy j+,n) < . This yields

Urjx — )\j* (UI,T" — U[,j*) < -0

p

HWI’j* — )‘j* (Uz*,fk — Wi*,j*) — [{l (x[,yj*,WLj*,n) < —g,

i.e. the same contradiction as in Case 1.
Suppose AT U j+ = 0, 7* < I—1 and there exists | < I—1—4*, such that A*Ujs 4y % > 0
and

Ui*,j* == Upngp j*. (4.12)

Since Uz is nondecreasing w.r.t. 4, Uy = U . With (4.12), we deduce

— N (Upr e — Uppyr o) < —Njwe (U ¢ — Uy ) (4.13)
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Since A+Ui*+l,j* > A+Ui*7]‘* and A_Ui*—i-l,j* =0< A_UZ‘*J’*. Lemmathen yields

H (.CL‘Z'*_H, Yj s Ui*+l,j* , A+Uz’*+l,j* , A_Ui*+l,j*)
>H ($Z* y Yj*, Ui*J’,l’j* 5 A+Ui*+l,j* 5 A_Ufi*+l,j*) (414)
> H (Iﬂi*,yj*7 Ui*,j*aA+Ui*,j*?A_Ui*»j*) :

Combining (4.12)), (4.13]) and (4.14)), we obtain

P
0
— )\j* (Ui*+l,j* — U,’*_H,j*) < 6.

+ J—
Uss 15+ — H (g0, Y%, Uy o, AU o, A7 Ups g %)

We can then consider the perturbation
Wiﬂ' = UZ'J Vi # 3% +1, Wi*+l7j* = Ui*+l,j* + nAx and m*J’,l’j* < Ui*+l+1,j*-

Similarly to Case I, we obtain (W, Uj) is a subsolution while Wi jx > U g jx.

Suppose AtUjx jx = 0, i* < I —1 and the [ defined in Case 2.2. does not exist, i.e.
Up ju = -+ = Upjx. Then ATUr_y jx = 0, (Ujx,Us) satisfies (4.6) at I and the desired result
follows from Case 2.1. O

Next, we prove that the grid functions V; ; are strictly increasing w.r.t. 7.

Proposition 4.4. Let V be a solution to (3.11). The finite difference A™V; ; is strictly positive for
alli>1 and j € {1,2}.

Proof. From the coercivity of the discrete Hamiltonian, A7V; ; > 0. We argue by contradiction to
show A~V ; # 0 for all (4,7). Suppose there exists (i*,5*), i* > 1, such that A™Vjx jx+ = 0, then
from

H' (xi*ayj*a‘/i*,j*aA+V;*,j*) — Huin (l’i*,yj*, Vi*,j*) =0

and HY (xi*,yj*, V;*J*,O) = 0 we deduce that
H (l’i*,yj*,‘/i*’j*,A+Vi*7j*,Ai‘é*,j*) = 0. (4.15)

By multiplying the equation (3.11)) at ¢*, j* and ¥, 7* respectively by A and A+, summing up, we
obtain

(Ags Vs g + Nja Vi g ) = Njw H (2, e, Vi ey A Vi e, A7 Vi )
+ )\ka (Zlii*,yj*, ‘/z‘*,j’h A+‘/i*,j*7 Ai‘/;*vj*) :

I

Then, we obtain from (4.15)) and Proposition that

A H (i, Y, Vi o, AT Vie o, A7V ) < 5 (A Vi o+ Aje Ve 30

(b(l?l* + yz/r))l_V
I—v

< = (A1 + A2) <0,

DI DD
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hence A™Vjx 7 > 0. Subtracting the following two equations,
P _ + -
EVi*’j* =H (mi*,yj*,‘/;*’j*,A Vi*,j*aA Vi*,j*) + )‘j* (Vz*ﬁ — ‘/;*7]'*) ,

P + -
“Vix_10 = H (zx_1, yjx, Vir 1 jo, A Vis g ju, A7 Vir_q jx)

0
+ )\j* (VZ’*_LTk — V;*—Lj*) s

and taking into account that A™Vj« ;» = 0, we obtain
*)‘j* A_‘/Z'*yfk =H (xl* s Y ‘/i*,j* , A+V2*7j*, A_V;*’j*)
— H (Sﬂi*_l, y]* s ‘/Z'*—l,j* 5 A+Vvi*—1,j* y A_‘/i*—l,j*) .

For brevity, let us name RHS the right hand side of (4.16). We are going to see RHS > 0. If
i* > 1, then

(4.16)

RHS
= H* (g, yje, Vis o, A Vi i) — HY (g, g, Vi1 ey A7 Vi g )
+ H' (xi*,yj*, V}*,j*,Aﬂfi*’j*) — Hoyin (mi*,yj*, V}*’j*)
— H" (w1, yjo, Vi1 o, AT Vi g ) + Hunin (251, yj, Vie_1 %)
From A7 Vix j+ = 0 < A7Vjx_y j» and , we deduce
HY (@, yje, Vir ju, A Vi ) = 0, H (451, Y, Vi1 jo, A Vix_q jx) <0,

hence (I.1) = 0. It is obvious (I.2) > 0, and we deduce from A*Vx_q jx+ = A7 Vs j+ = 0 that
(I1.3) = 0. This yields RHS > 0.
If 7* = 1, then A_‘/Lj* = A+V07j* = (VLJ‘* — V()J*)/Ax =0, and

RHS = H' (21, y%, Viju, ATVi ) — H' (z, yj%, Vo #,0)
= H'" (21, y%, Vou, ATVA ) — Huin (2, yj%, Vo ) = 0.
If i* = I, then A™Vy jx = (Vi j+ — Vi_1 j*)/Ax = 0 and
RHS = H* (1, y%, Vi j#,0) — H* (z1_1,yjx, Vi1 jv, A" Vi_1 j+) = 0.
We conclude by observing RHS > 0, contradicts the fact that A~ Vs 5 > 0. O

—~~
N =
N—

Corollary 4.5. For any Az and for any solution V' to (3.11)), there exists ¢ > 0 such that A~V ; = ¢
foralli>1 and j € {1,2}.

Proposition 4.6. Let V' be a solution to (3.11)). There exists a constant C > 0 uniform in Az
such that, for all (i,7), i =1 and j € {1,2}, ATV, ; =A"V;; < C.

Proof. From Proposition we know that the grid function V' is bounded from below by UO,I and
from above by ‘71,2. Hence, there exists a constant C' > 0, uniform with respect to Az, such that
any solution V' to satisfies pmin (24,5, Vij) < C. Therefore, it is not restrictive to assume
that the constant in the statement of Proposition is larger than C. This allows us to focus on
the pairs of indices (4,7), 0 < i < I —1 and j € {1,2}, such that ATV ; > C' > Pmin (@i, 5, Vij),
thus

H (2,5, Vigs A Vig) = H' (0,95, Vigs Vi) < BV =X (Vig = Viy).

We conclude by using the above mentioned bound on V' and the coercivity of the Hamiltonian. [
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4.2 A Howard-Newton algorithm

With the ¢ bound in Corollary [£.5] we consider an iterative method for solving the regular-
ized HJB equation (3.16)) instead of (3.11)) since they have the same unique solution if 1/ >
1

. 1y o
pls ((1 - 7)‘/[’2) = (V' is the supersolution defined in Proposition . The Howard-Newton
iterative algorithm is described in Algorithm [T}

Algorithm 4.1 Howard-Newton algorithm

1: Initialize cF’-(O) fjt(o)

Z?]
2: repeat

=rr; +yj, C =rz; +y;, and set n =0

3: Update the saving policy: sf}(n) =ry;+y; — cf}-(n), sB:) T+ Y — LB,

1,5 1]
4: Update the value function by solving with Newton’s method:
Py ) _ Fm)a+y,m) | Bi(n) A—y,(n) Fi(n) y,(n) B,(n) y,(n)
PV = AT B ATy F (cm- Vo ) +F <cm. v ) .
A CONA EP (AR AL
5: Update the consumption policy:
Fy(n+1 —Y =
el = min {pw (arvi) T (a=-mvi) ,cjm)} for 2, < 7,
9 k2 + 9,
F,(n+1) _
crl =TrT +Yj,
Lj J » e (4.18)
£+ = fain {1/, (A7V) 7 (0= 0v) T} et
B,(n+1
| for x; > z, CO,j( ) _ rT+ Y.
6: n—n+1
7: until Zj (maxi cffmrl) — cf;(n)‘ + max; cfjf("ﬂ) — cf]?(n)D < Tol,.

Lemma 4.7. Consider the admissible set of controls ij’-(nﬂ) = [0,¢;(x;)] and Cf}’mﬂ) = [¢;(x;),1/e].
Then forn =0,
) arg max {—CAJ’VZ.S?) + F (C V(ﬁ))} )

,J Y]
F,(n+1)
ceCM

LBt arg max {—cAfvif;”) + F <c V(n))}.

.J AN
B 1
ceC; JT(n+ )

We will see in the proof of Theorem that the set for CZ-’("H) is indeed nonempty for all n.

Theorem 4.8. The sequence V™ generated by Algorithm |1 converges to the unique solution of
(13.11]).

Proof. Step 1. We show that V(") is bounded above uniformly w.r.t. n. From (4.17), we know
(Vi(?), VZ(; )) is a subsolution of (3.16)). We infer from Proposition and Proposition that

1—yy

VZ(;L) < Vi for all n. This ensures that ((1 - ’Y)VZ(;L)) "7 is always well defined and bounded.
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Step 2. We claim that V() < V(1) Indeed, suppose by contradiction that

Ve = Virge = etV =V} =5 >0 (4:19)
This implies
0 1 1
A (V2 = V) < xe (Vi = V). (4.20)
AV AtV e <1 ATV < ATV i > 0. (4.21)

We consider three cases.
0 < i* < I. From the initialization of Algorithm |1, we know

P+(0 _ 0 0 0
oV =7 (et i)+ (VG - Vi), (4.2

It is easy to verify that (onl, U(]’Q) is a subsolution to (4.22)), hence VZ(?) > UOJ. We deduce from

(4.17), (4.18]) and Lemma that

DY), < EDATVE, + BOAVY, + 5 (EQ VO, + F (A,

] z*g*\ 1*j*

~F (e VW) e (0 V0. -
From and same argument as in Lemma
F(ER V) + F (25 v0%) = F (g(wm), Vi) "
(V) 7 (B0 ) - 7 e v o
By construction, s; *’(Ji > 0 and sﬁfﬁ < 0. Then (4.21)) implies that
s ATV + AV < sEUATVED L+ sRUATvED (4.25)

From (4.20), (4.24)), (4.25) and the equation (4.17) for V1), we get pd/f < 0, a contradiction.
Case 2:|1* = 0. The same argument holds, provided li is replaced with

,0() () () (1) () () (1)
The conclusion follows similarly as in the previous case.
1* = I. The same argument holds, provided 1' is replaced with
EViGe <AV 4 F (e V) + A (Vig = Vi)

and the desired result follows.
Step 3. Following the proof of Step 2, we can obtain by induction V™ < V(
Therefore, V(" is an increasing sequence w.r.t. n and is bounded above uniformly in n, yielding
the desired result. O

n+1)
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4.3 Convergence rate to the unique viscosity solution when 6 > 1

We denote by (v1,v2) the unique solution of (2.2)), and (V3, V2) the unique solution of the discrete
problem (3.11)) on GA*.

Lemma 4.9. We make the same assumptions as in Proposition[2.5, then there exists a constant C
(uniform in Ax) such that

max < max {ATw(z) — Dvg(z)}, max {Dua(z)— A+U2(ZU)}> < CAz. (4.26)
reGAT z>x eGAT r<ZT
There exists n sufficiently small (uniformly in Ax) such that
max  {A7vi(z) — Dvi(z)} < CVA®, (4.27)
2eGAT p<x<n
max  {—s1(z) (A7 vi(z) — Dvi(2))} < CAu. (4.28)

reGAT p<x<n

Proof. In the proof, the constant C' may change from line to line but is always independent of Ax.
From Proposition we know that v; € VVZQOCOO (z,7]. Since sy(z) > 0, D?vy(z) is bounded. This
implies D?vy € L (z, %) and there exists Cy (independent of Az) such that

max ( max {ATve(z) — Dva(z)}, max {Duva(z) — A+Ug($)}> < ChArw.
reGAT x> eGAT r<ZT
To prove (4.27) and (4.28)), we consider two cases: z =z + Az and z + Az < x < 1.
Case 1: x = x + Az. From the strict concavity of vy,

0 < A7 v (z + Azx) — Dvi(x + Az) < Dvy(z) — Duy(z + Azx) < CV Az,

where for the last inequality we used (2.14). From (2.17), we know 0 < —si(z + Az) < CVA«z,
hence —si(z + Az) (A7vi(z + Az) — Dui(z + Azx)) < CAx.
Case 2: z + 2Axz < x < 1. By using a Taylor expansion with integral remainder, we deduce

A7 vy (z) — Dvi(z) = _Ai:r jx_A (z — (x — Ax)) D%y (2)dz.

— _ N2 C (& (&
From z — Az < z < n and Lemma|2.10] we deduce that 0 < —D-v;(z) < 7o S Jihiz < Tan

where for the last inequality we used = > z + 2Az. Hence,

A=y () — Dy (z) < (Agl/mlx f I_A (2 — (2 — Az))dz < O(A)V2,

Since 0 < —s1(z) < Cy/x —z for z + 2Az < x < 7,

—s1(z) (A" vi(x) — Dui(z)) = _Zi$) fwA (z — (x — Ax)) (—D2vl(z)) dz

Cyr—z 1 (*
T SUAJ«"L—A;I;(Z_ (x — Az))dz
- C’(«/x—Aa:—g—i-\/E)A
= Vi —Ar—zx

For the last inequality, we observe that ——=L— Vi‘r < 1 since x > z + 2Ax.
r—Azr—x

<

z < CAz.
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Theorem 4.10. We make the same assumptions as in Proposition and T € GA% is sufficiently
large such that s2(Z) < 0. Then for sufficiently small Ax, there exists a constant C' > 0, independent
of Ax, such that

max |vj(z) — Vj(z)| < CAx. (4.29)

j7 ngAz
Proof. In this proof, C denotes a generic positive constant that may change from line to line.
Step 1. Let us define

o= max {vj(z)— Vj(2)} = vjx(a¥) — Vjx(z¥), (4.30)

j,wEGA®

and suppose o > 0. Since v; € C*(z, +0), we know that if 2* > z then

gvj*(x*) = H (2%, yju,vjx (2™), Dvjs (a%)) + Xjx (v (27) — v (7). (4.31)

Since Dwvj is uniformly continuous in [z, 4+00), (4.31) holds if z* = z.
Since Vjx (x* 4+ Azx) — Vix (2%) = vjx (2* + Az) —vx (2*) if £ < 2* < &, AT Vs (2*) = AT vjs (2*)
if £ < x* <. Similarly, A™Vjx (2¥) < A7wj«(2¥) if z < 2* < Z. From Lemma
H (a:*, Yie, Vir (%), AT Vs (2%), ATV (m*))
H (2%, y;%, Vi (), AT vjx (2), A vj (2)) (4.32)

>
> H (2, yjx, v (2), AT v (2), A vx (2¥)) .

For the last inequality, we used ¢ > 0 and Lemma Observe that if x* = z or z* = Z, (4.32)

holds with H given by (3.2). We infer from (3.11)) and (4.32)) that

BVA* (x*) >H (x*7yj*71)j* (m*),A+1)j* (x*), A_Uj* (m*)) + )\j* (VTk ((E*) - VJ* (QZ*>) (4.33)

0 J
From (4.30)), vx (x*) — Vjx(2*) = v (2*) — Vx(2*). Therefore, by subtracting (4.31) from (4.33)
we obtain

p * #
g (vj*(a: ) — Vix(x ))

(4.34)
< H (z*, yjw, vjx (2%), Dujs (2¥)) — H (2%, yjx, vjx (%), At vjx (2%), A7 vjx (2¥)) .

If j* = 2, then from and the consistency of the numerical Hamiltonian H, it follows
& (va(a*) = Va(a*)) < CAz.

We now estimate the right hand side of , with j* = 1, by making out three cases.

z < x* <1, where 1 has been introduced in Lemma Since s1(z*) < 0, we know

Dvi(z*) < pmin (2%, y1,v1(2*)), and A7 v1(2*) < pmin (*, y1, v1(2*)) follows from the continuity of
Dy, and
H (%, y1,v1(2*), Dvi (2%)) — H (2%, y1,v1(2%), AT o1 (2%), A7 (%))
= H (z*,y1,v1(z*), Dvi(2*)) — H (z*, y1, v1(z*), A" v1 (z*))
< (rz* + y1) (Dvi(2z*) — A7 vy (2¥))

Y (Do (a*)) Y 1—y Y (Ao (z¥) Y e
- (le(_ 1)) (L =y)vi(z™)) L (Aw1_(1 ) (1 =7)vi(x)) =



From the mean value theorem, there exists £ € (0,1) such that

n
(=" (€D (@) + (1= 9A 01 (@) ™) (1 = 7))
(DUI( —A™ ’Ul( ))

I

= — ¥ (Do) (L= ua (@) 5 (Doy(a*) — Aoy (a*)
o (@Dvl (1= A 0 (@*) ™ = (Doa(a*) ™) (1 = on (%) =
i (;;) i III

(A7v1(z*) — Duy(z*))
< a1@®) (A (a*) - Doy(a®))

+ p¥ (Duy (7)Y ! (b (57 + y—2>>1_w (A7 vy (2z*) — Duy (x*))2 ,

r

where we used (2.8 for the last inequality. To bound (/1) for the last inequality, we infer from the
concavity of vy that A~wvy(z*) > Dvy(z*) > Dvi(Z) > 0, hence

(IT) < ¢ (D1 (2)) Y™ (A v1(2*) — Dy () .

For (II1), we have used Proposition and the comparison principle.
Since s1(x*) = ra* + y; — c1(z*),

H (z*,y1,v1(2*), Duy(2¥)) — H (x*,yl,vl(x*), A+v1(x*),A_vl(a:*))
< = s1(2*) (A7 vi(2*) — Doy (2%)) + C (A7 vy (z¥) — Dvl(x*))Q < CAx,

where for the last inequality we used (4.27) and (4.28]) in Lemma

z* = z. Since si(z) = 0, Dvi(2) = pmin (z,y1,v1(2)) and At v1(2) < Pmin (2, y1,01(2)),
hence H (z,y1,v1(z), Dvi(z)) — HT (2,91, V1(2), A+U1(l)) =0.

x* € [n, x]. Since s1(z*) <0,
H (z*,y1,v1(2*), Duy(2™)) — H (x*,yl,vl(x*),A+v1(x*),A*vl(m*))
= H(x*7y17v1(x*>7Dvl(x*)) - H (.’E*,yl,’l)l(.f*),A_'Ul(Hﬁ*)) < CAx

For the last inequality, we used v; € W2%(n, 7).

Since we argue with sufficiently small Az, we may assume Ax < 1 without loss of generality.
For all the three cases above, we can use 1) and finally obtain that o < %Aaj.

Step 2. Now we reverse the direction of the estimate and define

oy = sup {Vj(x) —v(x)}.

Jj, zEGAT

The proof that o9 < C'Ax is similar and we omit the details. O
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5 Solution method in the case 0 < 0 < 1

Thrgugwhout this section we make the standing assumption 0 < 6 < 1. Consider the map (V1, V2) =
I'.(Vh, V) defined by

szl (xz,yl,vu,A Vi, A~ V21)+A1(V¢,2—w,1>, .
5.1
gmg— (xz,yz,vzz,A Vig, A~ m2)+A2(v;,1—w,2>.

Any fixed point of I'; is a solution to the regularized HJB equation (3.16). The following comparison
principle is the discrete form of Proposition [2.11}

Proposition 5.1. Assume U < V <V. Let U and V be respectively a sub- and supersolution of
(5.1), then U < V.

Proof. We argue by contradiction. Suppose U« j+ — Vi j+ = max; j{U;; — Vi ;} = 0 > 0. We denote
7¥ =3 —j* and observe Usx jx — Vix jx = Upx 3¢ — Vix 7, hence

/\j* (UZ‘*’TF — Uz* ) )\ j% (V — V;*J‘*). (5.2)

Since Ui*+17j* - ‘/;'*Jrl’j* < Uz*,]* - Vvi*,j*a Ui**l,j* - V;*fl,j < UZ*,_]* - Vvi*’j*, we infer that
At Vix jx = ATUpx jx, A7 Vix jx < A7 Uyx jx. From Lemmawe deduce

H. (xi*ayj*a‘Z‘*,j*;A+Ui*,j*>A_Ui*,j*> (5 3)
< H. (a:i*,yj*, f/;*,j*, A+VZ‘*7J’*, Ai‘/;*d‘*) .
and N
gUi*’j* < H. <xi,yj, ‘/i*,j*) A+V%*,j*7A_‘/i*,j*) + )‘j* (Ui*d_* - Ui*J*). (5.4)
Since V is a supersolution,
gVi*’j* > H, <{L‘Z’, Yj ‘Z*,j*aA+‘/i*,j*7A_‘/i*,j*) + )\j* (‘/;*’Tk — Vz’*,j*)' (5.5)
Subtracting (5.5)) from (5.4) and using (5.2), we get pd/f < 0, a contradiction. O

We observe that, since the value XN/” is fixed in l} Proposition holds for all # > 0. A major
difficulty in the case 6 < 1 is that Proposition may not hold. Therefore, we cannot directly use
the comparison principle in Proposition and obtain U < V < V, for all solution V to (3.11), as

in the case # > 1. However, the following results will allow us to look for a solution V such that

U<V <V.
Lemma 5.2. We have the barrier properties
(i). If (U1, Us) = To(Uy,Us), then U = U.
(ii). If (V1,Va) = Te(V1, V), then V < V.
Proof. (1) If ‘N/mv- = U, ;, (U1, Us) itself is a subsolution to the HIB equation . From Proposi-

tion Uij = Uij
(ii). Similarly, 1f ij = Vij then (V1,V4) itself is a supersolution to the HIJB equation 1)
From Proposition V < Vi O
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Proposnzlon 5.3. The map I'c is monotone: if (Uy,Us) = I’E(ﬁl,ﬁg), V1, Vo) = FE(XN/l,‘N/g) and
U<U<V<V then U < V.

Proof. From U < U <V <V and Lemma we know for all (4, 7),
H. <33i7yja Ui j, AT Uy, A_Ui,j> < H. <xi7yja ‘Z,j;A+Ui,j7A_Ui,j> ;

hence (Uy,Us) is a subsolution to the discrete HIB system (Vi, V) = Te(Vy, V3). Proposition
yields the desired result. O

We deduce the following invariance principle for I';, analogous to Proposition [2.14
Proposition 5.4. If U <V <V and V = (Vi,Va) = [.(V1,Va), then U <V < V.

Proof. Let us denote V = (Vl,Vg) = T'.(V1,V,). From Proposition and V <V, V < V. From
Lemma [5.2| we obtain V < V < V. The proof for U < V is similar. O

Definition 5.5. The grid function V¢ is a solution to (3.16|) if the equations are satisfied and
U <Ve<V. We say that V¢ is the minimal solution of (3.16)) if it is a solution and V < V¢ for

all V& solution to (3.16]).
Corollary 5.6. If U <V < V= and (V1,Va) = [o(V1, Vo) then V < V©.

Taking advantage of the theoretical analysis above, we propose Algorithm [2]to solve the discrete
HJB equation in the case 0 < 6 < 1. Let ¢; be defined as in (3.8]).

Theorem 5.7. The sequence V®) generated by Algorithm@ converges to the minimal solution V'

of (B.16).

Proof. Step 1. Solvability of the Howard inner loop. We first claim that for each (VZ(f),VZU;)>

such that U < V) < V| the sequence V™) converges to V¥ +1) . The proof is similar to that of
Theorem [4.8] hence we skip it.

Step 2. Uniform boundedness of the sequence V). From Proposition we deduce that if
U< V® <V then U < V) < V. By induction, U < V) < ¥ holds for all k. This ensures

that at each outer iteration the term ((1 — V)Vi(f)

Step 3. Monotonicity and convergence. We first observe that Lemma implies V(1 > v,
From Proposition 3 if V) > v then VD) > V(B Arguing by 1nductlon this implies that
V*) is increasing. Since V*) <V holds for all k, V) converges to a limit V such that V < V.

Step 4. Minimality. From Definition we know if there exists a solution V€ then VO = 7 <
Ve, From Corollary 5.6, an easy 1nduotlon leads to V() < V*# for all k, hence V < V&, From the

19w
) s always well defined and bounded.

design of the algorlthm V is solution to , therefore V = Ve O
1=
Remark 5.8. In Algom'thm we only need a strictly negative upper bound so that ((1 — 'y)Vi(;’)) =

1—y
is well defined, since ((1 — ’Y)VZ(;L)) S0 VZ(;I) — —o0. In Algom'thm@ with 1 — v < 0, we
1=

) "7 s well defined and bounded.

need both upper and lower bounds to ensure that ((1 — 7){/;5;“)

23



Algorithm 5.1 Howard-Tarski-Kantorovich algorithm: upward variant

1: Initialize Vi(;.)) = Ui,j, and set k =0 > QOuter loop
2: repeat
3: Use Howard algorithm to solve:

2 B (o, V0, VY Ay (VD ),

0 (5.6)
g‘/;(§+1) H. (fb’wa, VZ(Q)’AJrv(k-‘rl) Afvzfg-‘rl)) + Ao (szf-‘rl) o Vzgﬁ-l)) )
4: repeat
Initialize V(J 0 _ VZS-C), and set n =0 > Inner loop
Update the policy
F(kn+1) o L ov (A ) (q &) s
G j =14 p i, N (1—7) i G ()
for z; < T, cfj(nﬂ) =TT+ yj, f}(k’nﬂ) T + Y — ch(k "H), (5.7)
—Y .
B,(k,n+1 . —v-(km)\ k 17 _
Ci,j( - max{mln{l/«s,pw (A Vz(y )>+ ((1 —V)VZ‘EJ‘)) ! },cj(afi)}
for z; > x, (])3( ntl) - =rz +yj, sfj’.(k’nﬂ) =rr;+yj — ij(k ),
7 Solve
V(km,-‘rl)
PVi;j B SF(k n+1)A+V(k n+l) | B, (k1) A — V(k n+1)
0 i, i,
F, (k n+1) (k) B (k; n+1) (k) _ (k) 58
+ F (B v 4 F (B0 V) - F () viY) B8
(kn+1) (kn+1)
+ 2y (Vi —y )y,
n—n+1
9: until Y, maxi‘ ZFJ(k n+1) Cf;(k,n)‘ + max; ij(k,n+1) B Cf;(k,n)D < Tol,

10 Set VI =y,

7’7‘7
11: k—k+1
Vv
V&

2%

12: until Zj max; < Toly.

The next result deals with the monotone behavior of the solution to (5.1 as € decreases.
Proposition 5.9. Assume ¢ > &' > 0_and U<Ve<Ve <V. Let V= and Ve be respectively the
solutions to 1' with (VE,V§) =T (VE, V) and (VE, V5 ) =Tu(VE,V5). Then Ve < V<.

. / - v
Proof. Since ¢ > &' > 0 and U; ; < Vf] ij < Vij,

H. (1,5, Vi, ATV, ATV ) < Ha (w5, Vi, ATV, ATV

1,50 1,57 1,50

< Ha’ <xi7yj7v;_]vA+‘/z€juA VE ) )
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where we have used Lemma[3.4]for the last inequality. Therefore, V¢ is a subsolution of the equation
satisfied by VE/, we apply Proposition and obtain V& < V€' O

Let us now deal with the existence of solution V to (3.11]), obtained as the limit of V* as ¢ — 0.

Proposition 5.10. Ife > & > 0, then V¢ < V. Moreover, V¢ converges uniformly on GoF to the
minimal solution of (3.11) as e — 0.

Proof. Let us denote by V#):¢ the sequence of grid functions constructed by the Howard-Tarski-
Kantorovich algorithm given the regularization parameter €. Observe that the initial guess does

not depend on &, namely that V(j) = O _ UZJ From Proposition we infer that if

,]

Ve < VE)E then Ve < y(E+De By induction, we obtam that V(”f)E < VR for all
k € N. Sending k — +o0 yields V* < Ve. From Proposition , Ve < V for all e. We thus
conclude that the sequence V¢ converges uniformly on G2 to the minimal solution of (3.11). O

We observe that, having established the existence of a minimal solution, we can use the same

proof as that of Proposition |ﬂ| to show A7V, ;> ¢ for all i > 1 when 0 <6 < 1. The regularized
1y
HJB equation (3.16|) and (3.11) have the same mlmmal solution if 1/e > p¥<™¥ ((1 — 'y)Uo’l) 1=y

where U is defined in Proposition [3.6|

Proposition 5.11. For e > 0 sufficiently small, V= V.

Next, we introduce Algorithm [3] which is a variant of Algorithm [2]in which the outer loop starts
with (V1, V2). Then, V() is a non increasing sequence of grid functions.

Algorithm 5.2 Howard-Tarski-Kantorovich algorithm: downward variant

1: Initialize VZ-E;)) = Vi’j, and set k=0 > QOuter loop
2: repeat

3: Use Howard algorithm to solve (5.6) for V(#++1)

4 repeat

5 Initialize cl(k; 0 — =rz; +y;, and set n =0 > Inner loop
6: Policy evaluation: solve . for Y (kn+1)

7 Update the policy with (| .

8 n<—n+1

9 until Zj (maxi ‘Csz(k n+1) Ci,}'(km)’ 1 max; cf;(k‘,n+1) ! ,J(k n)’) < Tol,.

10 Set v — ylen)
) 27‘7 27‘7 :
11: k—k+1

k+1 k
y D v.(.>\

12: until >}, max; < Toly.

Theorem 5.12. The sequence V¥ generated by Algom'thm@ converges to the maximal solution Ve
of (310).

The proof is similar to that of Theorem [5.7] hence we omit the details. Observe that the design
of Howard iteration inner loop is different. In Algorithm |2 l V(%) is an increasing sequence for both

25



indexes k and n. Therefore, we initialize Vi(f’o) = Vi(f) at each inner loop of Algorithm [2|in order

to accelerate convergence. In Algorithm [3) V(¥ is decreasing while V(%7 is increasing in n for each
fixed k. Therefore, V*) itself may no longer be a subsolution of and we initialize the inner
loop of Algorithm [3] using a feasible consumption policy.

Similarly to Proposition we can obtain the maximal solution V as the limit of V° when
€ — 0. Due to the lack of comparison principle in the case 0 < # < 1, we do not have uniqueness
results for or . Nevertheless, in all our experiments. we have observed that Algorithm
and Algorithm [3| converge to the same solution, i.e. V = V. This leads us to think that the solution
to is in fact unique also with 0 < 6 < 1, even if this is not yet proved.

6 Numerical results

For a complete solution of the MFG system , including the computation of equilibrium interest
rates, we refer the reader to [4]. In all numerical experiments, we apply uniform stopping criteria:
Tol. = 1077 and Toly = 10719, We fix the following parameters (as in [4]): p = 0.05, y1 = 0.5, yo =
1.5, A1 = 0.2, Ay = 0.2, z = —0.15 and consider the following tests. Test 1 MFG, with 6 > 1, is
solved with Algorithm Test 2 MFG and Test 8 MFG, with 0 < 6 < 1, are both solved with
Algorithm [2] and Algorithm [3]

Test 1 MFG: v =2, =04, r* = 0.0288.

Test 2 MFG: v =4, ¢ = 0.5, r* = 0.0266. Test 3 MFG: v = 20, ¢ = 0.5, r* = 0.0086.

Figure 1: Saving policy and asset distribution for Test 2 (solid) and 3 (dotted)
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Next, we focus on the convergence analysis of the finite-difference scheme and the algorithmic
performance of the HJB solver. To isolate these aspects, tests for which the interest rates are held
fixed at the equilibrium values are referred to as Test 1 HJB, Test 2 HJB and Test 8 HJB.

For Test 1, Fig. [2]illustrates the fact that the sequence produced by Algorithm [I]is non decreasing
as stated in Theorem ie. VO < vt For Test 2 HIB, Fig. (resp. Fig. D illustrates the
fact, stated in Theorem (resp Theorem , that Algorithm [2| (resp. Algorithm [3) produces
a non decreasing (resp. non increasing) sequence of discrete functions.

We now consider an additional Test 4 HJB in which all parameters are identical to those in
Test 1 HJB, with the exception that Ao = 0.02. Fig. [5] illustrates the results of Proposition [2.5
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Figure 2: Algorithm [I] constructs a non decreasing sequence of grid functions
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Figure 3: Algorithm [2] constructs a non decreasing sequence of grid functions
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In particular, we observe so(z) = 0 in Test 4 HJB. Such a behavior would not occur if
is satisfied. In the case corresponding to Test 4 HJB, the agents associated with yo do not have
precautionary motive to save if the transition risk A is too small. Note that our scheme still works
for Test 4 HJB, although we have not analyzed this situation for brevity.

We next supplement the numerical results of Test 1 HJB with a numerical estimation of the
convergence rate illustrating Section Since the exact solution (v1,v2) of the HJB system is not
available in closed form, we compute a reference solution (erf, ;ef) on a fine grid with Azes = 0.001
and treat it as a proxy for the true solution. We then solve the scheme on a sequence of ten
coarser grids, with Ax ranging from 0.002 to 0.1, spaced geometrically so that the grid spacings
are uniformly distributed on a log scale. For each coarse grid spacing Ax > Axef, the reference
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Figure 5: Saving policy in Test 1 HJB (solid) and Test 4 HJB (dotted)
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solution is interpolated onto the coarse grid GA% via the piecewise linear interpolation I[-]. We use

eij = MaX; ,cgae ‘H[eref] (z) = Vj()| to substitute max; ,cgas [vj(z) — Vj(x)].

Fig. [6] displays errors as functions of Az on a log-log scale, together with a reference line of slope
1. Both error curves decrease monotonically as Ax — 0, confirming the convergence of the scheme.
Moreover, the curves run parallel to the slope-1 reference line, consistent with the theoretical bound

established in Theorem [4.10

Figure 6: convergence rate in Test I HJB
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